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Abstract. We give the first examples of flows which exhibit robust singular 
attractors containing a wild hyperbolic set (in the sense of Newhouse). A 
hyperbolic set is said to be wild, if it has tangencies between its stable and 
unstable manifolds, in a robust way. The only restriction on the ambient 
manifold is that its dimension should be at least 5. 
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1. Introduction 

In motivated by the equations for fluid convection in a two-dimensional layer 
heated from below, E. Lorenz discovered a flow in K 3 defined by an explicit and 
simple system of differential equations that exhibited extremely rich and robust 
dynamical behavior. The combination of the works |ABSI IGWI ITii) show that the 
Lorenz flow has a singular attractor. a transitive compact invariant set that attracts 
a whole neighborhood of initial conditions and that contains both a singularity (sta- 
tionary point) and regular orbits. Also, this attractor is robust: every flow that is 
sufficiently close to the initial one has a singular attractor nearby. The topological, 
geometrical and ergodic properties of the Lorenz flow have been intensively studied 
during the last two decades (e.g., see |B"S1 IBDVI irMFl IMl IS1 IV| and the references 
therein). Moreover, the Lorenz flow plays a key role in a global picture for flows in 
three dimensions. In fact, in |MPPj it is shown that every robust transitive set is 
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either hyperbolic or a singular attractor (or repellor) that shares many properties 
with the Lorenz attractor. 

It is natural to ask whether higher dimensional manifolds support robust singu- 
lar attractors with richer dynamical behavior. This question has been addressed 
in BPV and |ShT| . While the singularity of the Lorenz flow has 1 expanding eigen- 
value, Bonnatti, Pumarino and Viana IB1'\ I construct robust singular attractors 
in an n > 4 dimensional manifold where the singularity has k = max{n — 3, 2} > 2 
expanding eigenvalues. They also show that these attractors support a unique 
physical (SBR) measure with the no-holes property. ShiPnikov and Turaev |ShT| 
construct a robust singular chain transitive chain attracting set in M with the 
special feature that it contains a wild hyperbolic set, in the sense of Newhouse [N] . 
Nevertheless, it is not known if this example has the key properties of being isolated 
and transitive. A hyperbolic set is said to be wild, if it has tangencies between its 
stable and unstable manifolds, in a robust way. By |MPPj . robust singular attrac- 
tors in three dimensional manifolds are free of wild hyperbolic sets. Moreover, the 
examples in |BPVj can not have a wild hyperbolic set since their dynamics reduces 
to a uniformly expanding endomorphism. 

The purpose of this article is to give the first examples of robust singular attrac- 
tors containing a wild hyperbolic set. The only restriction on the ambient manifold 
is that its dimension should be at least 5. In fact, every flow on a manifold of 
dimension at least 5 having an attracting periodic orbit, can be modified in an 
arbitrarily small neighborhood of this orbit to have such a singular attractor. 

Main Theorem. Every manifold of dimension at least 5 admits a C 1 non-empty 
open set O such that every C 2 vector field X in O exhibits a singular attractor Ax 
with the following properties. 

1. Ax contains a hyperbolic singularity of Morse index 2 of X. 

2. Ax contains a wild hyperbolic set. 

3. There is a residual subset of O that is dense in the C°° topology, such that if 
X belongs to this residual set, then the set of periodic orbits of X of Morse 
index 1 and the set of periodic orbits of X of Morse index 2 are both dense 
in Ax- 

Remark 1.1. In fact we prove the stronger result, that every C 1 vector field X £ O 
has an attracting set Ax satisfying properties 1, 2, and 3, see Theorem 12.81 in 
Sectional Although it is possible to push the ideas of this paper to establish that 
Ax is topologically transitive (and hence an attractor) for all X e O, it requires a 
fairly long and technical proof (see [BKR ) . 

It is not clear to us what are the ergodic properties of the flows introduced here. 
It would be very interesting to show, for example, that these flows admit a physical 
or SBR measure. 

1.1. Strategy of the proof. For the proof of the Main Theorem we proceed as 
follows. Fix an integer n > 5. Then, for a given A £ (0, 1) sufficiently close to 
1 we construct a family of vector fields {X\^}\ ^, where fx > takes values on 
a certain interval to be precised later. These vector fields are defined on a subset 
of the closed solid torus T™ of dimension n. For some values of /i and a suitable 
C 1 -neighborhood O of X\ ^, we show that the conclusions of the Main Theorem 
are satisfied. The Main Theorem is obtained by embedding the solid torus T™ on 
a given manifold of dimension n. 
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The vector field X\^ will have a unique singularity o. This singularity will 
be hyperbolic with eigenvalues — 77, — /i and a with multiplicities n — 3, 1 and 2 
respectively, where < /i < a < r\. The construction is such that the dynamics of 
the flow of X\ tfl reduces to the dynamics of the map 

F A , M :C\{0} -> C 

z 1 * (l-A + A|z|^ CT )(z/|z|) 2 + l, 

in the same way as the dynamics of the geometric Lorenz attractor (see |ABSI 
IGWj ) reduces to the dynamics of a map defined on a punctured interval. More 
precisely, the vector field X\^ will induce a first return (or Poincare) map Fx^ to 
a certain transversal section of dimension n — 1. This first return map F\ ifl will 
have an invariant foliation of dimension n — 3 that is uniformly contracted by F\ ifJi . 
The map F\^ defined above represents the leaf space transformation of F\^; see 
Subsection 12 . 31 below for more details. 

The parameter (i will be taken in an interval of the form \po, ex], where /io € (0, a) 
is sufficiently close to a. That is, F\ ifi will be close to the map 

F A :C\{0} - C 

z h-> (l-A + A|z|)(z/|z|) 2 + l. 

Note that the endomorphism z 1— > (1 — A + A|z|) (z/|z|) 2 acts as angle doubling on 
the argument and as an affine contraction of factor A in the radial direction. Thus 
F\ is closely related to the extensively studied quadratic family Q c (z) = z 2 + c, 
where the \z\ 1— > |z| 2 action of Qo(z) = z 2 is replaced by an affine contraction of 
factor A. 

The point € C represents a leaf contained in the stable manifold of the sin- 
gularity o of the vector field X\^. The map F\ tli , which is not defined at z = 0, 
'opens' the punctured plane C* = C\{0} and maps it onto {z € C | \z— 1| > 1 — A}, 
in a 2 to 1 fashion. 

The dynamical properties of the maps F\ tli , the corresponding properties of the 
vector fields X\^ and their relation to the Main Theorem are all explained in 
Section 

1.2. Notes and references. To show that the attractor sets introduced here are 
robustly transitive, we show that the stable and unstable manifolds of a certain 
saddle fixed point are dense. In our context, the methods used in jBPVj break 
down, since our leaf space transformation is not uniformly expanding. A key step 
towards showing that the unstable manifold is dense uses an argument similar to 
that of BD1 . In fact, our examples have some kind of "solenoidal blender". The 
density of the stable manifold is obtained by ad hoc arguments. 

In |ShT| the existence of a wild hyperbolic set is obtained, among other ingre- 
dients, from the existence of Newhouse phenomena of persistence of tangencies. 
Neither in BD2 nor in our paper, the persistence of tangencies is obtained from 
the existence of Newhouse phenomena. Although the existence of a wild hyperbolic 
set implies the co-existence of infinitely many periodic orbits of distinct index , 
we prove part 3 of the Main Theorem directly, independently of part 2. 

As mentioned above it is not clear to us what are the ergodic properties of the 
flows and endomorphisms introduced here. Note that when A — > 1 the maps F\ 
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converge to the map G(z) = \z\{z/\z\) 2 + 1 in the C°° topology. The map G extends 
continuously to C and it preserves the Lebesgue measure on C. 

Question. Is G is ergodic with respect to the Lebesgue measure? 

1.3. Acknowledgments. We are thankful to M. Viana and L. Diaz, for useful 
comments. Juan Rivera is grateful to C. Morales for useful comments and for 
pointing out the reference |ShT| and to B. San Martin and C. Vasquez for useful 
conversations. Part of this paper was written while the authors visited IMPA, we 
would like express our gratitude to this institution for its hospitality and excellent 
working conditions. Juan Rivera is also grateful to Pontificia Universidad Catolica 
de Chile and to Universidad de Chile, for their hospitality. 

2. Statement of results 

In this section we outline our results and simultaneously describe the structure 
of the paper. Recall that for the proof of the Main Theorem we construct a family 
of vector fields so that the leaf space transformation of a first return map to 
a cross section is close to 

Fx ■ C\{0} -> C 

z i * (l-A + A|z|)(z/|z|) 2 + l. 

In Subsection 12.11 we introduce a topological space of C 1 maps &\ that contains 
the endomorphisms induced by C 2 vector fields which are close to ^ in the C 1 
topology. The main dynamical properties of maps in ^\ close to F\ are summarized 
in Subsection 12.21 In Subsection 12.31 we describe the vector fields ^ and in 
Subsection 12 .41 we state a more precise version of the Main Theorem. 

2.1. The space Throughout this paper the punctured complex plane C\ {0} 
will be denoted by C*. Note that the map F\ can be written as the composition 
F\ = 9| o t\ of the maps 

r A : C* -> E/Z x (1 - A, +oo) 

z ^ arg(2), 1 - A + A|z|) 

and 

£f t : K/Z x (0, +oo) ->■ C 

(0,i) i-> texp(47r£0) + 1. 

Moreover note that t\ is a diffeomorphism and that g* is a local diffeomorphism. 
For A e (0, 1) put 

B x = {zeC \ \z\ <2(l-A)- 1 } 

and 

Bl = B x \ {0}. 

It is easy to check that F\(B^) is contained in the interior of B\. 

Definition 2.1. For a given A S (0, 1) define the following spaces of C 1 maps. 
1 . The space ^\ of all homeomorphisms, 

t : B\ — ► E/Z x (1 — A, 2(1 - A)" 1 - 1 - A], 

that extend to a diffeomorphism onto its image defined on a neighborhood 
of B\ in C* . We endow 2f\ with the weak C 1 topology. 
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The space S?a of all maps 



g : R/Z x [1 - A, 2(1 - A) 



l 



1 — A] — * B\, 



having an extension to a neighborhood o/R/Z x [1 — A, 2(1 — A) -1 — 1 — A] 
in R/Z x R that is a local diffeomorphism. We endow §fx im'f/i £/ie strong 
C 1 topology. 

3. TTie space &\ of all maps F : B^ — > B\ that can be written as a composition 
F = gor, with re5j and g G We endow with the largest topology 
for which the composition map (r,g) h jot, from ST\ x &\ to is 
continuous. 

Clearly F\ G J^a- By definition, each map in &\ is a local diffeomorphism and 
hence it is an open map. 

Notice that two maps in &\ which are close, need not be close with respect to 
the uniform topology on B\. On the other hand, two maps in &\ that are close in 
the weak C 1 topology need not be close in In Lemma \l. 21 below we show that 
the composition map from &\ X &\ to £F\ is open. It follows that for every t£ 5j, 
g G and every F G J^a that is close to jot in &\ , there are t£ close to r 
and j € &\ close to so that F — gor. 

The spaces 2?\ and are Baire spaces as they both admit a complete metric. 
Since the composition map from ST\ x <$\ to J^"a is open (Xemma 12.211 . it follows 
that J^a is also a Baire space. 

Lemma 2.2. T/ie composition map from jjxfj to &\ is open. 

Proof. Denote the composition map by tt. We need to show that for every open 
set If in ^a x Sf A the set Tr^Tr^)) is open. For that, let (to,<? ) G 7r" 1 (7r(#')) 
be given and let (tq, go) G W be such that 

(1) ffo° t = 7r((r ,.go)) = ^((jo,9o)) =9(i° ? o- 

Let ^ (resp. ^) be a neighborhood of To (resp. go) in ^ (resp. such that 

From JQl it follows that the map To o Tq -1 extends to a diffcormorphism onto its 
image ho, defined on a neighborhood of R/Z x [1 — A, 2(1 — A) -1 — 1 — A]. By conti- 
nuity we have go o ho = go- Put — {h o r \ t G % } and f = {go /i^ 1 | g g f}. 
By construction the neighborhood °i/ x f of (to,5o) m x % is such that 
tt{¥ x 9) = 7r(^ x f) C 7r(/T). This shows that Tr" 1 ^^)) is open in 3F\ x Sf A 
and finishes the proof the lemma. □ 

2.2. Dynamics of maps in &\ near Fa. For a fixed A G (0,1) close to 1, we 
will be interested on the dynamics of a given map F in near F\. Although a 
map F in &\ is not defined at z — 0, we will let it act on the subsets of B\ by 
F(U) = F(U\{0}). For a positive integer m we will denote by F m the m-th iterate 
of this action. Note that the image of an open subset of B\ under this action is 
again an open subset of B\. 

Our main object of study will be the maximal invariant set of F in B\\ 



— ^m>iF m (B\). 
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Figure 1 . The attractor f2 F 

It is easy to see that p\ = 1 + (1 — A) -1 is a saddle fixed point of F\. For a 
map F g close to F\, we denote by pp- the saddle fixed point of F that is the 
continuation of p\. Of course, pf S &f- 

Proposition 2.3 (The topology of Hp). For A £ (0, 1) sufficiently close to 1 and 
for F in &\ sufficiently close to F\, the set £lp is a topological annulus that contains 
the origin z = in its interior (see Figure^). 

The annulus £lp is neither open nor closed. More precisely, while the external 
boundary jp is contained in £If, the internal boundary 7^ is disjoint from ftp. 

Moreover, 7^ is a Jordan curve contained in the unstable manifold of pf and 
•fp is differ entiable at every point with the unique exception of a point where the 
unstable manifold of pf has a transversal self-intersection. The internal boundary 
is a Jordan curve. 

Section contains the proof of this proposition and some technical results which 
will be needed in the rest of the paper. 

In Section 0] we study some dynamical features of maps close to Fx such as the 
existence of a fundamental annulus with some important covering properties. 

When A 6 (2 -1 / 2 , 1), one of the important features of the map F\ is that its 
Jacobian, 

Jac(F A )(^) = 2A(A + (1-A)|z|- 1 ), 

is everywhere larger than a constant larger than 1. We say that a map F in is 
area expanding, if there is a constant k > 1 such that for every point z G B* x the 
Jacobian of F at z is at least k. A map in ,^x near Fx need not be area expanding, 
as there is no control on its behavior near z = 0. 

In Section [S] we prove that for A S (0, 1) sufficiently close to 1 the map F\ is 
robustly transitive on the maximal invariant set £lp x , in the subspace of &\ of area 
expanding maps. More precisely, we prove the following result. 

Theorem 2.4 (Robust transitivity). For A E (0, 1) sufficiently close to 1 there 
exists a neighborhood % of Fx in ,^x such that each area expanding map F in ^ 
is topologically mixing on £lp. 

To prove the previous theorem we show that the stable manifold of pf is dense in 
Bx and that the unstable manifold of pp is dense in Sip. By a standard argument 
we conclude that F is topologically mixing on tip. 
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In Section we show the following result about periodic points of maps in &\ . 
Given an open set of 'Sx and r £ 2T\ put 

^ T = {ff £ ^ I F — g o r is area expanding}. 

Note that { W T is an open subset of Sf\, that might be empty. For example, if 
Jac(r)(z) — » as z — > then the set is empty. 

Proposition 2.5 (Periodic points). There is a neighborhood of g^ in ^\ such 
that for every r£ 5j there is a residual subset ffl T of with the following property. 
For every g £ ££ T the set of periodic sources and the set of periodic saddles of 
F = g o r are both dense in £If- 

In order to state the results concerning robust homoclinic tangencies, we need to 
introduce some notation. For A £ (0, 1) close enough to 1 and F £ close enough 
to Fa, we will define two subsets of FIf'- a fundamental annulus Ap (Section [3J 
and a domain H\ containing pp, where F is uniformly hyperbolic ( Subsection 13 . 3fl . 
The set Ap is such that 

A F c F(Ap) C H x , 

so the set 

r F = {{ z j}j>0 I z 3 £ H \ and F ( z J + l) = Zj! f° r 3 > 0} J 

is non empty. Moreover, every infinite backward orbit {zj}j>o in Tp defines a local 
unstable manifold passing through zq ( Subsection I4.4|l . In Section we prove the 
following result. 

Theorem 2.6 (Homoclinic tangencies and wild hyperbolic sets). For A £ (0, 1) 
close to 1 and every area expanding map F in close to F\ the following properties 
hold. 

1. The set 

Wp = {z £ H x | F m (z) e H x for every m > 1} 

zs an uniformly hyperbolic and forward invariant set for F. Moreover, the 
local unstable manifold of an infinite backward orbit inT f starting at a point 
in Ap , is contained in the unstable manifold of some infinite backward orbit 
contained in Wp. 

2. There is an arc jx of the stable manifold of px, such that ifjF is an arc of 
the stable manifold of the fixed point pp of F that is C l close to jx, then 
jf is tangent to the unstable manifold of an infinite backward orbit inT p. 

As the saddle fixed point pp of F is contained in Wf, it follows that the hyperbolic 
set Wf of F is wild. 

Each of the unstable manifolds associated to an infinite backward orbit in Tf 
is approximated in the C 1 topology by a piece of the unstable manifold of pf 
(Subsection 15 . 2f) . So by an arbitrarily small perturbation it is possible to create a 
homoclinic tangency of the fixed point pp ■ 

2.3. The vector fields Xx.^- For an integer k > denote by D k the closed unit 
ball of K fc . Fix an integer n > 5 and let T n = (R/Z) x D™" 1 be the closed solid 
torus of dimension n. 

For the proof of the Main Theorem we fix constants 77 > a > 0. Given A £ (0, 1) 
sufficiently close to 1 we construct a one parameter family {^a,^ | M S (/zo,u]} of 
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vector fields, where fj,o £ (0, a) is close to a, defined on an open subset U of T". 
For /i £ (fiQ,a] the vector field X\.^ will have a hyperbolic singularity o = 
with eigenvalues — /a, a and —77 of multiplicities 1, 2 and n — 3, respectively. 

The vector fields X\ tll are closely related to the map Fa and the space &\. More 
precisely, for [i close to a the map 

F\,n : B^ — > Ba 

z 1 — * (1- A + A|z|^/ ,T )(z/|z|) 2 + l. 

is an area expanding endomorphism in ^\ that is close to F\. Next we consider 
the skew product map 

F AjM : B* x x D x D"" 5 -> B A xlx D"" 5 

(*,«;,«) ~ (f x ^{z),^+(3\z\v/°^ Wi P\z\^°v 

where (3 > is an arbitrarily small constant so that P\,u is well defined and injective. 
The vector field X\^ will be constructed in such a way that the first return map 
to a certain cross section E u of the flow of X\ tfl , parametrized by B\ x D x D n ~ 5 , 
is given by F\^. 

Note that the base dynamics of Fx ^ is given by Fx ^. More precisely, the fibers 
of the linear projection H\ : B\ x D x D n ~ 5 — > B\ onto the first coordinate form an 
invariant (strong stable) foliation for the dynamics of F\.^ and the action induced 
by F\,ii on the leaf space of this foliation is exactly F\ jfl . The condition fi £ (0, a) 
guarantees that for every vector field X that is close to X\^, the first return map 
Fx to S" for the flow of X, will have an invariant strong stable foliation close to 
the one formed by the fibers of IIa . When X is of class C 2 the corresponding leaf 
space transformation lies in the space is area expanding and is close to 
and hence to F\ (Lemma 19. 3|l . So we will be able to apply the results for singular 
endomorphisms, described in Subsection 12.21 to study the flow of the vector fields 
X\^ and its perturbations. 

Although F\ tll depends on (3 > 0, for simplicity of the notation we omit it. In 
theorems 12 . 71 and 12 . 81 below we choose (3 to be conveniently small. 

Theorem 2.7. Fix an integer n > 5 and r\ > a > 0. Then for each X £ (0, 1) 
sufficiently close to 1, there exists no £ (0, cr) and a smooth one parameter family 
of smooth vector fields {X\^ \ /i £ (/io,cx]} defined on an open set U o/T", such 
that for all \x £ (no , a] the following hold: 

1. The boundary of the open set U C T" is a manifold of dimension n — 1 
that is contained in the interior ofT n . For every [i £ [/io,c] the vector 
field X\ „ extends to a smooth vector field defined on a neighborhood of the 
closure of U, in such a way that on the boundary of U this vector field 
points inward. Moreover this extension has a unique singularity o = ow. 
The singularity o is contained in U and is hyperbolic with eigenvalues —fi, 
a and —rj of multiplicities 1, 2 and n — 3, respectively. 

2. There exists a codimension 1 submanifold S" = B\ x D x D n ~° C U 
transversal to the flow of X\^ so that every forward orbit of the flow of 
X\^ in U intersects S" or is contained in a local stable manifold Wf oc (o) 
of o. The intersection of this local stable manifold with S" is {0}xDxD" _5 . 
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3. The first return map to X" is given by 



F\,fi :B* x xDxD' 



BjxDx D 



2.4. Dynamics of vector fields near X\ }ll . Part 1 of Theorem 12. 71 implies that 
for every vector field X that is sufficiently close to X\,y, and for every t > we 
have X*(U) c U. We denote by, 



the maximal invariant set of the flow of X in U. Moreover we denote by ox the 
singularity of X that is the continuation of the hyperbolic singularity o of X\^. 
Clearly we have ox € Ax- We will show that for A £ (0, 1) sufficiently close to 1 
and /i € (/io, cr) sufficiently close to a, there is a C 1 neighborhood of X\^ so that 
statements 1 through 3 of the Main Theorem hold for all vector fields X in O. More 
precisely we prove the following result, which implies the Main Theorem. 

Theorem 2.8. For each A € (0,1) sufficiently close to 1 and each \x € (0,<r) 
sufficiently close to a there exist a ^-neighborhood O of Xx ^, such that for each 
X € O the maximal invariant set Ax of the flow of X in U satisfies the following 
properties. 

1 . If X G O is of class C 2 , then the flow of X restricted to Ax is topologically 
mixing. Moreover, ox € Ax and ox is the unique singularity of X con- 
tained in U. In particular Ax is a robustly transitive attractor set in the 
C 2 topology. 

2. The attractor set Ax contains an invariant hyperbolic set Wx having a 
tangency between its stable and unstable foliations. 

3. For vector fields in a residual subset of O, the sets of periodic orbits of 
Morse index 1, and Morse index 2 respectively, are both dense in Ax- 

The hypothesis in part 1, that X € O is of class C 2 , is unnecessary: the statement 
still holds for vector fields of class C 1 . The proof of this fact is more involved and 
is done in detail in BKR . 

Observe that the singularity o of Xx ^ has a double real unstable eigenvalue a. 
Thus, the singularity ox of vector fields near Xx,^ may have real or complex un- 
stable eigenvalues. 

3. Domain of uniform hyperbolicity and the topology of the 



In this section we construct stable and unstable cone fields (subsections 13.11 
and 13. 2 j) which are invariant under Fx on certain domain Hx, that we call the 
hyperbolicity domain (Subsection l3.3f) . After studying a saddle fixed point px of Fx 
in the hyperbolicity domain Hx, we prove Proposition 12.31 in Subsection l3.4l 

Notice that for every a, b S M we have 



Ax = n t>0 x*(u), 
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3.1. Stable cone field. Set eo = §\/l — A and let {C z } z6 c* be the cone field 
denned by 

C z = {pz(l + ie) | p > 0,\e\ < e }. 

Lemma 3.1. 

1. For every z e C such that \z \ > 1 and every v e C zo we have 

„ „ \2 , 4 2 

|^ F A ( V )| 2 < A • \v\ 2 , where A = - I 2 ° e (0, 1). 

1 + £n 



2. For zo G C satisfying 1 — A + Aj-So | > 4/vl — A we /iawe 
Cf a(zo) C interior(D Z0 F A (C Z0 )) U {0}. 

Proof. 

1. Letting v = z (l + is) with \s\ < Eo, we have 
\D Z0 F x (v)\ 2 = \X\zo\ + 2ei(l - A + A|z |)| 2 = 

= (A|z |) 2 + (2 £ (l-A + A|z |)) 2 . 

As by hypothesis |^o| > 1, we have 



IA„r A (r.| 2 r : |.: (1 | 2 (A 2 - i: 2 ,, „| 2 ^±|! < H 2 ^±|o 



-o 

2. Note that 

|F A (z ) - 1| = 1 - A + A|z | > 4/ VT~X = 2e - 1 . 
On the other hand, 

D Z0 F X (C Z0 ) = {(F x (z ) - l){a + ib) e C | |6/o| < 2e (l - A + A|z |)/(A|z |)} . 

Let a,ieRbcso that \b/a\ < e - Then F x {z ){a + ib) e C^ a(zq ). Define a, 6 e M 
by a + i6 = F A (^o) (Fx (-^o ) — 1) _1 (" + *6). We want to prove that 

6 1-A + A|z | 

- < ri — j • 

a X\z \ 

Set F x (zo)(F x (z ) — = 1 + T] + in\ and notice that we have 
M,M < |*a(*>) <2e < |, 

so 1 771 /(l + Vo)\ < §£o- On the other hand, a = 5(1 + 770) — ?7i6, & = 6(1 + %) + ?7i5 
and 

6 = 6/5(1 +7?o) +771 _ 6/5 + r/ 1 /(l+T/ ) 
a l + »)o-#/a 1- (m/(l + %))(6/a)' 

Therefore, 



£o+_|£o^ _ ^ 2e (l-A + A|2 |) 

3 £ 



<- f 1 -<2e < 

1 - 4e^ X\zq\ 



□ 
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3.2. Unstable cone fields. Let {K.(z)} ze c* , (z)}z&c* and {/C(z)} zS c* be the 
cone fields denned by 

£(*o) = {z p{i + e)\p>0, |e|<l/3}, 
fC-(z ) = {z oP {i + e) | p > 0, £G [-1/3,0]}, 

Note that for every z S C* we have /C(z) C /C(z). 

Lemma 3.2 (Unstable Cone fields). 

1. For every z G C* and every v G /C(zo) we /lave 

|^„F A ( U )|>A(5/2) 1 /2| W |. 

2. For every z G C* smc/i t/ia£ 1 — A + A|z | > 20 we have 

D Zo F x (K.(z )) G mterior(/C(Fx(zo))) U {0} and 

JC(F x (z )) C interior^ F A (£(*o))) U {0}. 

3. For every zq G C* such that 1 — A + A|zo| > 20, SR(zq) > and 3(zo) > 0, 
we have 

D Zo F x {JC-{z )) G interior(/C-(F A (^ ))) U {0}. 

Proof. 

1. Consider v — za(i + e) with |e| < 1, so that v G JC(zq). Setting a — pe and 6 = p 
in (J5J), we have 

\D Z0 F x (v)\ 2 = (p\z \) 2 \Xe + 2i((l - A)/|z | + A)| 2 > M 2 A 2 ^±i. 

+ 1 

2. Note that |F A (z ) - 1| = 1 - A + A|z | > 20, so |F A (z )| > 19. Given p,e G K 
such that p > 0, |e| < 1/3, define p' > and e' G K by 

D Z0 F x (pz (i + s)) = F x (z )p'(i + e'). 

It is enough prove that \e' — e/2\ < 1/6. 
Define p" , p > and e", e G K by 

D Z0 F x {pz {i + £)) = (F A (z ) - + e"), 

and Fa(^o) - 1 = ^a(^o)/3o(1 + ^o)- 

Then e' = ^"f^ . From © we have e" = (e/2)A|z |(l - A + A | ^ 1 ) ^ 1 • So 
|e"| < |e/2| < 1/2^ and 

\e"-e/2\ < I^Kl-A + Alzol)" 1 < 1/40. 

On the other hand |p (l+ieo)-l| = |-Fa(z )| _1 < 1/19. Hence |p -l|, |p £o| < 1/19 
and |e | < 1/18. Since \e"\ < 1/2, we have 

1 + {e"f 



£()- 



< 2|e | < 1/9. 



1 + e"s 

Therefore \e'-e/2\ < 1/40 +1/9 < 1/6. 

3. Let z G C* be such that 1 - A + A|z | > 20 and let p' > and e' G M be such 
that 

D Zo F x {iz )=F x (z )p'{i + e'). 

By part 2 is enough to prove that when Sftzo > and 3zo > we have e' < 0. Note 
that when 3?z > and Qzo > we have ^sF x (z ) > 0. 
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By © we have that D Zo F\{iz ) = (F\(z ) - l)2i. So 

, = _^ ( F x (z )-l \ I f F x (z )-l \ 3(F A (z )) 

^{ F x (z ) ) / *\ F x (z ) J |F A (z )|2-5RF A (z ) < ' U - 



□ 



3.3. Domain of uniform hyperbolicity. For A € (0,1) sufficiently close to 1, 
the subset H\ of C defined by 

H x = [z e C | \z\ > X- 1 (a - 1 + 4/x/T - a) } , 

will be called the domain of hyperbolicity. We will say that a differentiable arc 7 in 
C* is quasi-radial (resp. quasi- angular) , if for every point z of 7 the tangent space 
of 7 at 2 is contained in C z (resp. K, z ). 

For every map F in &\ sufficiently close to F\, the cone field C (resp. /C) is 
an stable (resp. unstable) and invariant cone field of F : H\ — > F{H\). For such 
.F, the image of a quasi-angular arc contained in if\ is a quasi-angular arc whose 
length is larger than the original length by a definite factor. Moreover, if the image 
of an arc in H\ is quasi-radial, then the original arc is quasi-radial and the length 
of the image is smaller than the original length by a definite factor. 

3.4. The saddle fixed point pp and the proof of Proposition I2T3I For A S 

(0, 1) sufficiently close to 1, the saddle fixed point p\ = (1 — A) -1 + 1 of Fx is 
contained in the domain of hyperbolicity H x ■ So the unstable manifold of p x is 
a quasi-angular arc while it remains in H X - As the unstable cone field is given by 
JC(z) = {zp(i + e) I p > 0, |e| < 1/3}, we see that a piece of the unstable manifold 
of px is a quasi-angular arc parameterized by 6 p x (&) exp(i6 l ), with p x (0) = px 
and px(9) > PAexp(— #/3). This remains valid while 

Px exp(-0/3) > A" 1 (A - 1 + 4/ VI - A) . 

From now on we assume that A € (0, 1) is sufficiently close to 1, so that the function 
px is defined on the interval [— 7T, 7r]. 

By part 3 of Lemma f3. 21 for every 9 £ (0,ir] we have p'x{&) < 0. By symmetry 
it follows that for every 9 € [— 7r, 0) we have that p A (0) > and that p' A (0) = 0. 
Therefore the image of [— w, ir] by the map 9 y—> p\(6) exp(i6>) forms a Jordan curve, 
denoted by 7^, that is contained in the unstable manifold of px- So 7^ is smooth, 
except at 9 — ±7r, which is a point of transversal self-intersection of the unstable 
manifold of px ■ 

Note that every map F in ,^x that is sufficiently close to Fx, has a saddle fixed 
point pf that is the continuation of px- Moreover, a piece of the unstable manifold 
of pf forms a Jordan curve 7^ that is smooth, except at a point of transversal self- 
intersection. We will denote by Df the closed disk in C bounded by the Jordan 
curve Tjp. 

Recall that the maximal invariant set Qf of F is defined by flF — <~) m >iF m (P>x)- 
In the proof of Proposition 12.31 below, we will show that CIf = Dp <~) F(B^). We 
say that 7^ is the external boundary of Hf. 
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Proof of Proposition 12.31 In part 1 we prove that the the conclusions of the 
proposition hold for the set Df n F(B\) and in part 2 we show that £If — Df H 
F{B X ). 

1. For F £ &\ sufficiently close to F\ the set Dp fl F(B\) clearly contains z — 
and jp. So we just need to prove that the set Df H F(B\) is homeomorphic to an 
annulus that is bounded by 7 F and by a Jordan curve 7^, and is disjoint from 7^. 

Fix e € (0, 1), put 7 £ = {\z - 1| = 1 - A + Ae} and let C F C C be the closed 
annulus bounded by 7^ and 7 £ . When F — F\, the set Cf x is contained in the 
interior of F\(B\). As F\ is a 2 to 1 covering between F^ and F\{B\), it follows 
that if F € is sufficiently close to F\, then F is a 2 to 1 covering map between 
C F = F- 1 (C F ) and C F . In particular the sets 7^ = F" 1 ^) and 7^ = F^ 1 ^ 6 ) 
are Jordan curves. 

Denote by Dp the disc bounded by jp. Let F 6 ^a be close to Fx and put 
F = g o t, with j £ ?j close to and t e 5a close to r\- Note that F(B\) = 
,g(R/Z x (1 — A, 2(1 — A) -1 — 1 — A)). As the space Sf\ is endowed with the strong 
C 1 topology, it follows that for every F E ^\ sufficiently close to F\ there is a C 1 
map p F : R/Z — > R that is close to the constant map (9 1— > 1 — A and such that 

#(R/Z x {1 - A}) = {6 e R/Z I 1 + p F {6) exp(47ri(9)}. 

Taking F closer to F\ if necessary we have 

g(Dp) = {1 + iexp(47ri6») | 6 e R/Z, Pp(0) < t < 1 - A + Ae} = 
= {1 + tcxp(27r#) I V G R/Z,min{p F (V'/2),p^((i/> + l)/2)} < t < 1 - A + Ae}. 

As Cf C F(B\), it follows that D F n F(B\) is the annulus bounded by 7^ and by 
the Jordan curve 

lF ={l + mm{p F (7A/2),p f ((^ + l)/2)}cxp(27r^) | ^ € R/Z}. 

Clearly F^ n F{B\) is disjoint form 7^. 

2. To prove that Qp = Dp n F(B\) we first prove that the set Dp n F(B\) is 
invariant by F by showing in part 2.1 that F(Dp) = Dp D F(B\) and in part 2.2 
that F(Dp n F(B\)) = F(D F ). This implies that F F n F(B\) C Then we 
complete the proof by showing in part 2.3 that Up c .Df fl F(B\). 

2.1. We keep the notation of part 1. Denote by Df* the disc bounded by -y F . As 
7 F = F _1 (7 F ) and F : 7^ — > 7^ is a 2 to 1 covering map, we have F(Dp) = 
Dp n F(B\). 

We will prove now that Df C Dp. Note that £ F = 7^ fl 7 F is a C 1 arc whose 
image by F is equal to 7^. Moreover, the closure of 7^ \ t F is a C 1 arc l F having 
the same end points as tt, where these arcs intersect transversally. When F = Fx 
we have £ F> ^ = —tp, and since 7^ is tangent to the cone field JC~, it follows that 
■f F \ £~p~^ is contained in the interior of Dp x . Now, for F S J^a close to Fx the arc 
^ F intersects j F at its 2 extreme points in a transversal way. Thus, taking F closer 
to Fx if necessary, we have that the arc j F \ t F is contained in the interior of Dp. 
Thus Dp C Dp and F(Dp) C D F n F(B X ). 

To prove that F(Dp) = DpnF(B\) we just need to prove that F(Dp) — F(Dp). 
Put Ep = Dp \ Dp and note that for every F sufficiently close to Fx, we have 
Ep C CV. As F is a 2 to 1 covering map between Cf and Cf, to prove that 
F{Dp) — F(Dp) is enough to prove that F is injective on Ep. Let <tf and cf F be 
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the end points of £p. Note that these points are mapped to the unique point qf 
in 7^ where the unstable manifold of pf has a transversal self-intersection. When 
F = F\ the set Ef x \ {<7F A ,<Zi? A } is contained in the left half plane, where F\ is 
injective. So, if F is sufficiently close to Fa it follows that F is locally injective on 
Ef- To prove that F is injective on Ef is enough to prove that a point in Ef near 
qf and a point in Ep near q'p cannot have the same image. A piece of the unstable 
manifold of pp slightly larger than 7^, locally separates the plane at qp into four 
regions. The points in Ep near qp and q'p are mapped to opposite regions and are 
therefore disjoint. Thus it follows that F is injective on Ep and this completes the 
proof that F(D F ) — Dp H F(B X ). 

2.2. We prove now that F(D F n F(B\)) = F(D F ). As for every, 

D x \ F x (Bl) = {z G C I \z - 1| < 1 - A}, 

have -z e Fx{B* x ), it follows that for every z € D F \F(B* X ) there is z' e D F nF(B* x ) 
close to -z such that F(z') = F(z). Thus F{D F ) = F{D F n F(B X )). 

2.3. We now prove that Qp C Dp n F(Bx). As £V C F{B\) by definition, we just 
need to prove that fi^ C Dp. Since 7^ is a quasi-angular Jordan curve, it follows 
that exists a constant C > such that for every z 6 Fa \ -Dp the length L of each 
quasi-radial arc joining z to 7^ satisfies dist(z, Dp) < L < C dist(z, Dp). 

For a given integer n > 1 , let Zq , . . . , z n G B\ \ Dp he such that for every 
j = 0, . . . , n — 1 we have F(zj) = Zj+i. Let £„ be the radial arc joining z n to 7^. 
As F(Dp) C Z3_f for j = 0, ... ,n — 1 we can find inductively a quasi-radial arc 
joining Zj to 7^ and such that £j+i C F(£j). It follows that the length of £j is ex- 
ponentially small with j. This proves that F n (Bx) is contained in an exponentially 
small neighborhood of Dp and that tip C Dp- □ 



4. Fundamental annulus and local unstable manifolds 

In this section we construct, for every A 6 (0, 1) sufficiently close to 1 and 
every F in ,^x sufficiently close to Fx, an annulus Ap such that Ap C F(A^) 
(Subsection l4.2l) and such that exists a positive integer N for which F^^^) = Qp 
(Subsection ^21 . The annulus Ap is defined in Subsection 14.11 From the property 
Ap C F{Ap) we deduce that for every point zq in Ap there is an infinite backward 
orbit of F in Ap that starts at zo and that each one of these backward orbits has 
associated a local unstable manifold of definite size (Subsection 14. 4JI . 

4.1. Fundamental annulus. Fix r € (0, exp(— tt/3)) and A S (0,1) close to 1. 
Then put 

U+ = {z G C I 3te > 0, |z| > r(l - A)" 1 } , 

U- = {z e C I 3?z < 0, |« - 1| > r(l - A)" 1 } 

and Uq = U+ U [/_. Notice that the boundary 70 of t/o is a Jordan curve. As 
the Jordan curve 7^ is contained in {z E C | \z\ > exp(-7r/3) ((1 - A)" 1 + l)} 
(Subsection 13. 4|) . it follows that for every F in ,^x sufficiently close to F\, the 
Jordan curve 70 is contained in the disc bounded by 7^. Let Ap be the annulus 
bounded by 7^ and 70, that contains 7^ and is disjoint from 70. The annulus Af 
will be called the fundamental annulus of F. 
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As F\(j£ ) is contained in {z E C | \z\ > Aexp(-7r/3) ((1 - A)" 1 + l) - A}, it 
follows that if A E (0, 1) is close enough to 1 and F E JP\ is close enough to F\, 
then 

(3) ^( 7 +)c{zeC| I^Kl-A)- 1 }, 

and that Ap and F(Ap) are both contained in the domain of hyperbolicity H\. 

4.2. Self-covering property of the fundamental annulus. The purpose of this 
subsection is to prove the following proposition. 

Proposition 4.1. For A E (0, 1) sufficiently close to 1 and for F E J^a sufficiently 
close to F\, the annulus Ap satisfies Ap C F(Ap). 

As 7^ C F(-fp) C Dp and by the set F\(jp) is outside the disc bounded by 
7o, the proposition is an immediate consequence of the following lemma. 

Lemma 4.2. The closed set Uq is contained in the interior of F\(Uq). 

Proof. As 

F X (U+) = {w E C | \w - 1| > 1 - A + Ar(l - A)" 1 }, 
and 1 — A + Ar(l — A) -1 < r(l — A) -1 , it follows that U_ is contained in the interior 
of F\(U+). So it is enough to show that U+ is contained in the interior of F\(U_). 

Note that the image by F\ of the quasi-angular arc {z E C | $lz < 0, \z — 1| = 
r(l — A) -1 } is a quasi-angular Jordan curve. So it is enough to prove that for 
every z E C such that \zq — 1| = r(l — A) -1 and arg(zo) E [tt/2,3tt/2], we have 
|-Fa(zo)| < r (l — A) - . For such zq put p = \z$\ and a = arg(zo). Thus, 

p= \Fx(z ) -1| = 1-A + Ap and arg(_F A (zo) - 1) = 2a mod 2ir. 
We have, 

(r(l - A)" 1 ) 2 = 1 + p 2 - 2pcosa, 
|F A (z )| 2 = 1 + P 2 - 2pcos(vr- 2a) = 1 + ^ + 2^008 20. 
As p > r(l - A) -1 - 1 > 1, we have p < p and \F\(z Q )\ 2 < 1 + p 2 + 2,ocos2a. Hence 

|F A (z )| 2 < (r(l- A)- 1 ) 2 + 2p(cos2a + cosa). 
Since a E [tt/2, 37r/2] we have cos a < 0, so 

cos 2a + cos a = (2 cos a — 1) (cos a + 1) < 0. 
It follows that 1^(^0)1 < r (l — a s wanted. □ 

4.3. Covering property of the fundamental annulus. The purpose of this 
subsection is to prove the following proposition. 

Proposition 4.3. For every A E (0, 1) sufficiently close to 1 and every F in &\ 
sufficiently close to F\ there is a positive integer N such that F N (Ap) = D,f. 

The proof of this proposition depends on some lemmas. 

Lemma 4.4. Assume that A E (0, 1) is sufficiently close to 1 and that F in ^\ 
is sufficiently close to F\. Then there is N > 1 such that for every zo E F(B^) 
there exists a positive integer mo < N and a backward orbit zo, Z\, . . . , z„ l0 (i.e. for 
j = 1, . . . , mo we have F(zj) — Zj-i), such that z rrla E B\ \ F(B^). 
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We will prove this lemma for F = F\. The case when F is sufficiently close to 
Fa is an easy consequence. 

Let Q+ = {z G C | < and 3z > 0} and Q~ = {z £ C | 5Rz < and 3z < 0}. 
As F x ((<?+ U Q-) \ {0}) = F A (C \ {0}), it follows that for every z £ F A (C \ {0}) 
there is a pre-image z\ of zq by Fa in Q + \ {0} or in Q~ \ {0}. Moreover, note 
that Q+ C F A (<3~ \ {0}) and Q~ C F A (Q+ \ {0}). Thus the previous lemma is an 
immediate consequence of the following one. 

Lemma 4.5. Let z' £ Q + \ {0} be such that z = Fx{z') £ Q~. TTien the following 
properties hold. 

1. \z'-l\ > \/2. 

2. -1 > \- l (\z-l\ -1). 
Proof. 

1. If \z'\ £ (0,1), then K(FaO')) > so F a (z') ^ Q". But |z' - 1| < y/2 implies 
|z'| < 1 (since sftz' < 0), which is not possible by the previous observation. 

2. Set \z — 1| = 1 + /x, where /i > 0. Since l+/i=|z— 1| = 1 — A + A|z'| we have 
\z'\ — 1 + A~V- Then observe that, since $tz' < 0, we have \z' - 1| > |z'|. □ 

Proof of Proposition H~Tfl Let iV be the integer given by Lemma f4. 41 and for a 

given Z( £ Slf C F(Bx) let to < and z 1; . . . , z mo £ Bx be as in this lemma. 
Thus there is m £ {l,...,m } such that z rn £ Dp and F(z m ) = z m _ 1 £ Dp. 
Then © implies that z m -\ £ Ap, and therefore we have zq £ F m ~ 1 (ilp). 

As Ap c F(A F ) and m > N, it follows that tt F c F JV (A i? ). □ 

4.4. Local unstable manifolds. Assume that A £ (0, 1) is close enough to 1, so 
that the conclusions of Lemma 13.21 hold for every point zq in Hx ■ It follows that 
for F sufficiently close to Fx, the set 

T F = {{zij^o | z l £ Hx and F(z i+ i) = z l; for i > 0} 

is non empty and that for every z £ Ap there is an infinite backward orbit in 
Tp starting from z . From the theory of hyperbolic sets we know that there exists 
a > such that for every infinite backward orbit z in Tp starting from a point 
z £ Ap, the set 

W% (z) — {wo £ Hx | wo has a backward orbit w£Tf 

with \w m — z m \ < ot for all m > 0} 

is a quasi-angular arc. The set W^(z_) will be called the local unstable manifold of 
z. Moreover, for every e > there exists 8 > and a positive integer N such that, 
if z' is an infinite backward orbit in Tp such that for every < m < N we have 
\z' m — z m \ < S, then the C 1 distance between the local unstable manifolds W^(z_) 
and W^(z_') is at most e. 

5. Topological dynamics on the attractor 

In this section we prove Theorem l2.4l fSubsection l5.3(l . by showing that for every 
X £ (0,1) sufficiently close to 1 and every area expanding map F in &\ sufficiently 
close to Fa, the stable manifold of the saddle fixed point pp is dense in Bx (Sub- 
section an( i tlmt the unstable manifold oipp is dense in tip ( Subsection 15.2(1 . 
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Throughout this section we fix A € (0, 1) close to 1 and an area expanding map 
F in close to Fx. 

5.1. Density of the stable manifold of pp. Consider a connected open subset 
V of Bx- Suppose for a moment that there is a positive integer m such that for 
every k = 1, . . . , to the map F is injective on F (V). As F is area expanding, it 
follows that the area of F k (V) grows exponentially fast with k, as long as fc < to. 
We conclude that there is an integer m for which F is not injective on F m (V). 
The following lemma implies that in this case F m (V), and hence V, intersects the 
stable manifold of pp. From this it follows that the stable manifold of pp is dense 
in B x . 

Lemma 5.1. Every connected open subset of Bx where F is not injective intersects 
the stable manifold of pp. 

Proof. Recall that Fx = g\ o tx, where tx £ S?x and g\ € 'Sx are defined in 
Subsection |2~T1 Note that Fx maps the interval (0,2(1 - A)" 1 + 1) C K C C onto 
(2 - A, 2(1 - A)" 1 ). It follows that (0,2(1 - A)" 1 + 1) is contained in the stable 
manifold of px- On the other hand, note that the preimage of the arc (1, 2(1 — A) -1 ) 
by <?f consists of the arcs {0} x I and {1/2} x 7, where I C K is the interval 
I = (0,2(1 — A) -1 — 1), and that each one of these arcs intersects transversally 
R/Z x {1 - A} and R/Z x {2(1 - A)" 1 - 1 - A}. Moreover these arcs separate 
R/Z x [1 — A, 2(1 — A) — 1 — A] into 2 sets where g* is injective. 

Given F S ,^x close to Fx, let r S S?x be close to tx and g S % be close to 
<7+, such that F — g o t. Denote by 7 s an arc of the stable manifold of pp that 
is C 1 close to (1,2(1 — A) -1 ). Since g is C 1 close to in the C 1 topology, the 
preimage of 7 s by g contains 2 arcs 7 and 7', that intersect transversally the circles 
R/Z x {1 - A} and R/Z x {2(1 - A) -1 - 1 - A}. Moreover, these arcs separate the 
cylinder R/Z x [1 — A, 2(1 — A) -1 — 1 — A] into two parts, on each of which g is 
injective. 

It follows that t _1 (7U7') = F _1 (7 S ) divides B^ into two parts, on each of which 
F is injective. So every open and connected subset of Bx where Fx is not injective 
must intersect F _1 (7 S ). As this last set is contained in the stable manifold of pp, 
the statement follows. □ 

5.2. Density of the unstable manifold of pp. Together with Proposition 14.31 
the following lemma implies that the unstable manifold of pp is dense in flp. In 
fact it is easy to see that the local unstable manifold of each infinite backward orbit 
in Tp is approximated in the C 1 topology by arcs of the unstable manifold of pp . 

Lemma 5.2. Every quasi-radial arc contained in Ap intersects transversally the 
unstable manifold of pp at some point. 

Proof. Given a quasi-radial arc 70 contained in Ap, choose zq € 70 and let 
z = {z m } m >o G Tp be an infinite backward orbit of points in Ap, starting at 
zq. For j > 1 define inductively a quasi-radial arc jj joining Zj to some point in 7^ 
and such that F(£j) is contained in ij-i- As for every j > the point Zj belongs 
to Ap, the length of tj is bounded independently of j. It follows that the length 
of the arc F J (£j) is exponentially small with j. Thus F^jj n jp) is a point of the 
unstable manifold of pp that is exponentially close to zq. □ 
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5.3. Proof of Theorem 12.41 Let U, V be open subsets of B\ that intersect the 
attractor set Qf of F. We now prove that there exists a positive integer mo such 
that for every m > mo we have F m (U) n^^fl. 

As the unstable manifold of pp is dense in flp , there exists a small open set Vq 
and a positive integer jo such that Vq intersects the local unstable manifold of pp 
and such that F^°(Vo) C V. As the stable manifold of pf is dense in Hp, there 
exists a positive integer ko such that F k ° (U) intersects the local stable manifold of 
Pf- By the Inclination Lemma, there exists a positive integer £q such that for every 
t > i we have F e {F k °(U)) n F + 0- 

Taking m = jo + + &o we see that for every m> m we have F m {U) nV ^ 0. 
This proves Theorem 12.41 □ 



6. Eventually onto property and periodic points 

This section is devoted to the proof that the set of periodic sources and the set 
of periodic saddles of a generic area expanding map F in &\ that is close to F\, 
are both dense in £lp (Proposition 12.51 in Subsection 12. 2|) . The proof is based on 
the following intermediate property. 

Definition 6.1. We say that F S J^a has the eventually onto property if for every 
open subset VofQp 

interior^ ) C U m > Q F m (V). 

We first prove that the conclusions of Proposition ^ . 51 hold for every map F close 
to F\ with the eventually onto property and satisfying a certain genericity condition 
fProposition IG . 21 in Subsection l6.2|) . This genericity condition is expressed in terms 
of the eigenvalues of the derivative of F at a fixed source p~^ of F (see Subsection l6.ll 
below) . 

We then show that for every F in &\ near Fx, the eventually onto property 
holds for all open sets V containing p^ (Proposition 16.41 in Subsection 16. 3|) and 
we complete the proof of Proposition 12.51 in Subsection 16.41 by showing that the 
eventually onto property holds for a generic area expanding map near Fx ■ 

6.1. Limit behavior and the fixed source pj,. When A — ► 1 the map Fx con- 
verges in the C°° topology to the map Gf : C* — > C defined by, 

G t (z) = |z|(z/|z|) 2 + l. 

The map G-j extends continuously to z — by setting G-j-(O) = 1. Moreover, note 
that G-f has constant Jacobian equal to 2, and that Gf is injective on the upper 
half plane H = {3z > 0}. 

It is easy to see that the point p + = exp(7r«/3) is the unique fixed point of Gf in 
the upper half plane. Moreover, the derivative of Gf at p + has complex eigenvalues 
(not in R) of modulus larger than 1, so that p + is a hyperbolic source. 

It follows that for A £ (0, 1) sufficiently close to 1 and F sufficiently close to Fa, 
the map F has a (unique) fixed source pp' near p + . Moreover the derivative of F 
at p~^ has complex eigenvalues (not in R) . 
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6.2. Dynamics of maps with the eventually onto property. This subsection 
is devoted to the proof of the following proposition. Recall that the homoclinic 
class of a saddle periodic point is, by definition, the closure of the set formed by the 
transversal intersections between the stable and unstable manifolds of the saddle 
periodic point. Every point in a homoclinic class is accumulated by saddle periodic 
points, see Remark EH 

Proposition 6.2. There exists a neighborhood of F\ in such that for every 
Fef with the eventually onto property the following hold: 

1. The periodic sources of F are dense inClF- 

2. If the arguments of the eigenvalues of p^ are irrational multiples of it, then 
the homoclinic class of pf is equal toClp . In particular, the periodic saddles 
of F are dense in Qp. 

Proof. Let A G (0, 1) be close to 1 and let F be a map in &\ close to F\ and that 
satisfies the eventually onto property. In particular, the iterated preimages of p\ 
are dense in dp. 

Let V be a small open neighborhood of pp' such that F has a local inverse / 
defined on V, such that f(V) C V and such that / is uniformly contracting, so 
that n m >of m (V) = {p+}. 

1. Let us prove that the set of periodic sources of F is dense in Hf- Let q G Clp 
and k > 1 be such that F k (q) = pp. It is enough to prove that close to q there is a 
periodic source of F. 

Let U be a small open neighborhood of q. Let {q m }m>i be such that for every 
m we have that F m (q m ) = q and such that q m — > pp~ as m — > oo. Let mo be such 
that for every m > mo we have q m G V. Let Uq be a small open neighborhood of 
q mo contained in V, such that F m °{U Q ) C U, F m ° +k (U Q ) C V and such that for 
every j = 1, . . . , mo + k we have that F J : Uq — > F J (Uq) is a diffeomorphism. 

Notice that F mo+k (U~o) is an open neighborhood of pp. Finally, take I > 1 large 
enough so that f(U ) C F mo+k (U ) and so that F e+m ° +k restricted to W = f{U ) 
is uniformly expanding. It follows that W C F i+m ° +k (W) and that W contains 
a periodic source q of F of period I + mo + k. Thus, F l+m ° (q) G U is a periodic 
source for F close to q. 

2. Assume that the argument of the eigenvalues of D +F are irrational multiples 

Of 7T. 

As the stable manifold of the saddle fixed point pf of F is dense in Vlp it follows 
that there is a point zq in V contained in the stable manifold of pf- Let vo G T Za B\ 
be a vector that is tangent to the stable manifold of pp at Zq. For m > 1 put 
z m = f m {zo) and v m = D Zo f' m vo G T Zm B\. As the argument of the eigenvalues 
of D +F are irrational multiples of 7r, it follows that the arguments of the v m are 
dense in [— it, tt]. 

So, each iterated preimage q of p^ in Ap is accumulated by arcs of the stable 
manifold that are quasi-radial. Hence Lemma l5"2l implies that q is accumulated by 
points of transversal intersection between the stable and unstable manifold of pp. 
From Proposition 14.31 it follows that the transversal homoclinic intersections of pp 
are dense in CI p. □ 

Remark 6.3. We now prove that arbitrarily close to a transversal homoclinic point 
of pf there is a saddle periodic point of F. Although this fact is well-known in the 
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case of diffeomorphisms, some care should be taken for the singular endomorphisms 
considered here. 

Let U be an open subset of Up and let q £ U be a point of transversal intersection 
between the stable and unstable manifolds of pp. Then, for every positive integer to 
we have q m = F m (q) £ C* and q m — > pf as to — » oo. Consider an infinite backward 
orbit {q m }m>o C C* of q (that is q = q and F(q m+1 ) = q m for every to) such that 
q m — > pf as to — > oo . 

Let AT be a large integer, such that qN (resp. q N ) is in the local stable (resp. 
unstable) manifold of pp- There is a small open neighborhood Vn of q N whose 
boundary are two small quasi-radial arcs and two quasi-angular arcs, such that the 
following properties hold. 

(i) For every to, < m < 2N,F m (7 N ) C C* and Vq = F N {V N ) is a small 
neighborhood of q that has the shape of a rectangle with two sides 'parallel' 
to the piece of stable manifold of pf that contains q, and two sides 'parallel' 
to the piece of the unstable manifold of pf that contains q, 

(ii) V N = F 2N (V N ) = F N (V ) is a small neighborhood of q N that has the 
shape of a rectangle with two sides 'parallel' to the local stable manifold of 
Pf, and two sides that are transversal to the local stable manifold of pf- 

Clearly, the two sides of V n that are quasi-radial arcs map onto the two sides of 
Vm that are parallel to the local stable manifold of pp- We now take a sufficiently 
large integer M so that F M (Vn) H Vn is a thin strip that crosses from one quasi- 
radial arc in the boundary of V n to the other. 

It follows that F M (Vn) H Vn ^ and therefore Vq contains a saddle periodic 
point of F. 

6.3. Eventually onto property at pp. This subsection is devoted to prove the 
following proposition. 

Proposition 6.4. For all X £ (0, 1) sufficiently close to 1 and every F sufficiently 
close to F\ £ the following property holds. For every neighborhood U of the 
fixed point pp, 

interior^ ) C L) m > F m (U). 

The following lemma reduces this proposition to show that a certain arc I in C is 
contained in the basin of the fixed source pp. This last fact is proven in lemmas 16.61 
andlO 

Lemma 6.5. Let V be a neighborhood of the arc I = {t £ C | t £ M, t £ [0, 1]}. 
If X £ (0,1) is sufficiently close to 1 and F is sufficiently close to F\, then 
interior^ ) C U m > F rn (V). 

Proof. 

It is enough to prove that 

interior^ ) = A F \ 7+ C U m > Q F m (V). 

In fact, by Proposition 14.31 it follows that there exists an integer N > 1 such that 
F N (interior (A F )) = interior(f2 F ). 

After some preliminary considerations in part 1 this is proven in part 2. 
1. First notice that if A £ (0, 1) is close enough to 1, then F\(V) U F%(V) contains 
the fundamental domain [2, 2 + A] x {0} of the stable manifold of p\. Therefore, 
U m=o 2 ^ m (^) contains a neighborhood Vq of a fundamental domain D C R of the 
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stable manifold of p\ which is contained in {z € C | \z\ > 20}. For every F close to 
Fa the open set Vq is also a neighborhood of a fundamental domain Dq (F) of the 
stable manifold of pf- 

Recall that if A is sufficiently close to 1, then the unstable cone fields of Fa (see 
Subsection 13. 2fl are defined and invariant in {z e C | \z\ > 20} (Lemma I3.2|) . The 
same happens for every F close to Fx. In particular, if x is a real positive number 
satisfying x > 20 exp(-7r/3), then a quasi-angular arc through x touches the negative 
real axis before intersecting the circle {z £ C | \z\ = 20}. We will assume that if 
x £ D then 20exp(?r/3) < x < 180. 

2. At a point xq € Do let r\ be a quasi-angular arc of length I that contains Xq. 
Then, since for every positive real number x > we have, F\(x) < x+2, it follows by 
induction that for every positive integer m we have F™(xo) < x + 2m < 180 + 2m 
and F™(?7) is quasi-angular arc of length 2 m £ or contains a quasi- angular Jordan 
curve around the origin. 

For mo so that 2 m °£ > 180 + 2m we have that F™° (77) contains a quasi-angular 
Jordan curve around the origin. 

Now take a small rectangle shaped region Wo contained in Vb and foliated by 
quasi-angular arcs trough points in D (so that D crosses Wo from one side to the 
opposite one) and such that the image of the arc through the endpoint of Do closer 
to the origin contains the arc through the other endpoint of Do- 

From the above argument, there exists a positive integer mo such that F™°(Wq) 
contains an annulus A ma around the origin. Notice that the image by Fx of the 
portion of the internal boundary of A mo with positive real part is exactly the 
external boundary of A mo . This mo is the same for every A close enough to 1. And 
by continuity a similar construction is valid for F close enough to Fx. 

Choose A sufficiently close to 1 in such a way that the fundamental annulus Ap is 
disjoint from A mg and contained in the unbounded component of the complement 
of A mo . For every m > mo inductively define an annulus A m by 

A m+1 = F x (A m n{zeC\^z>0}). 

Similarly define the annulus A m (F),m > mo, for every F close enough to F\. 
By the Inclination Lemma it follows that 

A F \ 7 + c U m > mo F(A m (F)) c U m > F m (Vb). 

□ 

Lemma 6.6. There is an open subset D of the upper half plane H, that is bounded 
by a Jordan curve and such that G^(D) contains both the closure of D and the 
arc I. 

Proof. Given e > small, set 

D' = {z e C* I arg(z) e (e,7r/2), \z~p+\ < |2*-j> + |} . 

1. We will prove that if e > is sufficiently small, then D' n Gj(dD') = {0}. In 
part 2 below we conclude the proof of the lemma from this fact. 

The boundary of D' consists of the arc J\ — {it \ t g R, < t < 2}, an arc of 
the form J2 = {pexp(ie) | < p < po}, for some po > 0, and an arc J3 of the circle 

{zeC \ \z~p+\ = |2»-p+|}. 
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Clearly, G t (Ji) = {t £ C | t £ R, -1 < t < 1} intersects £>' only at 0. Let 
us show that G^Ji) = {pcxp(2ze) + 1 | < p < po} is disjoint from D' . As 
arg(l + cxp(2ze)) = e, it follows that for < p < 1 the point 1 + pcxp(2ie) is 
disjoint from D' . As | 2i — p + \ < | 2 — p + \, it follows that if e is sufficiently small, 
then for all p > 1 

| 1 + / 9cxp(2«e) > 1 1 + exp(2«e) - p + \ > | 2i-p + |, 

so that pexp(2«e) + 1 ^ D' . 

To see that Gf (J3) is disjoint from D', observe that for each pair of points z, z' £ 
C* such that arg(z), arg(z') £ [0,tt/2], we have |G t (z) - G t (z')| > \z - z'\, with 
equality if and only if z/z' £ R. So, for every z £ J3 we have \G^(z) —p + \ > \z— p + \, 
with equality if and only if z = (1 + | 2i — p + \) exp(7ri/3). Is easy to check that 
the image of this point has negative real part. We conclude that Gf(J3) is disjoint 
from D'. 

2. For 5 > small set D" = {z £ D' \ \z\ > 6}. Note that D" is bounded by 
a Jordan curve and D" C H. We will show that, if S > is sufficiently small, 
then D" U I C Gf(D"). Then any sufficiently small neighborhood D of D" that is 
bounded by a Jordan curve, will satisfy the desired properties. 

As Gf(0) = 1 does not belong to D' , if S > is sufficiently small, then D" C 
Gf (£>"). When 6 < 1, the arc / is clearly contained in the closure of Gf (£)"). □ 

By the previous lemma it follows that, if we take A sufficiently close to 1, then 
every map F sufficiently close to F\ satisfies the following properties. 

1. F is injective on D and D C F(D). 

2. The Jacobian of F on D is larger than a constant larger than one. 

3. The fixed source p^ is contained in D and it is the unique fixed point of F 
in D. Moreover, the derivative of F at pp has complex eigenvalues (not in 
K) of norm larger than 1 . 

Lemma 6.7. Let X £ (0,1) be close to 1 and let F be an endomorphism in £P\ 
close to F\ satisfying the properties above. Denote by f : F(D) — > D the inverse of 
F restricted to F(D). Then 

n m >if m (D) = { P +}. 

In particular, for every neighborhood U of p~^, there is an integer m such that D C 
F m (U). 

Proof. Set K = r\ m >if m (D). As the Jacobian of / = ^ _1 |f(_d) is smaller than 
a constant smaller than 1, it follows that K has Lebesgue measure, and hence 
empty interior. Assume by contradiction that K is not equal to {p F }. We will prove 
then that / has a fixed point in D distinct from pp. This contradicts property 3 
above and proves the lemma. 

Let zq £ K be different from pj, and denote by Kq the set of accumulation points 
of the forward orbit of z by F. So Kq C K and F(K ) = Kq. Moreover, as p F is 
a source, p F £ K . 

Let h : E> — > D be a linearizing coordinate of F near p F , so that h(0) = pp and so 
that for every roeD satisfying \w\ < 1/2 we have F(h(w)) = h(2w). The forward 
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orbit by / of each point in h(H>) converges to pp. As f(Ko) = Kq and Pp g" Kq, it 
follows that Kq n h(B) = 0. 

Since K has empty interior, there is wq G B such that h(wo) $jL K. Let m > 1 
be such that h(wo) g" f m (D) and set 

t = inf {t | h(tw ) # f m (D)} and 7 = h ({tw \ t G [0, i ]» . 

As 13, and hence f m (D), are bounded by a Jordan curve, it follows that Do = 
f m (D)\j is homeomorphic to a disk. Moreover, as f{"f) C 7, we have /(-Do) C -Do, 
and since Kq is disjoint from 7 C /i(O), we have Kq C -Do. Let / : -Do — > -Do be a 
homeomorphism that coincides with / on /(D ), such that /( 7 ) = 7 and such that 
every point in Dq enters /(-Do) under forward iteration by /. In particular / does 
not have fixed points. But, since Kq is a compact subset of -Do that is invariant by 
/, Brouwer's translation theorem applied to / implies that / has a fixed point in 
/(-D ). So we get a contradiction that proves the lemma. □ 

6.4. Proof of Proposition [2751 In view of Proposition [lO] a map F in &\ close 
to F\ satisfies the eventually onto property if and only if the iterated preimages of 
are dense in So Proposition 12 . 51 is a direct consequence of Proposition 16. 21 
and the following proposition. 

Recall that for an open set *% of ^\ and r G £?\ we denote 

% T — {d G % I F — g o t is area expanding}. 

Proposition 6.8. There is a neighborhood of g^ in &\ such that for every 
t£5j there is a residual subset SfJ T of with the following property. For every 
g G the map F — go t is such that the iterated preimages of the fixed source pp^ 
are dense in B\. In particular, F = g o t satisfies the eventually onto property. 

Proof. Let % be a sufficiently small neighborhood of g^ in Sf\ such that for every 
r£ 5j sufficiently close to t\, all the results of Section [3] hold for F = g o t. 
Given an open subset U of B\ , put 

e/(U) = {gety T \ppe U m >oF m (U) where F = g o t} . 

Clearly si (U) is an open subset of a i/ T . Wc will show that (U) is dense in °i/ T . The 
residual set £%' T will be the intersection of the sets s/(U), where U runs through a 
countable basis for the topology of B\. 

Given g G put F = g o t and consider an iterated preimage go of pp in the 
fundamental annulus Ap. Consider a C 1 family of functions {h e } in such that 
h{) = g, such that h s coincides with g on {\z\ > 15} and such that, if we denote by 
q £ the iterated preimage of pp by F e — h e o r that is the continuation of q, then 
q £ moves following a radial arc. 

Note that for every small e > the maps F e and -Fb coincide on H\ and we have 
Pf, , — Pf - As the stable manifold of the saddle fixed point pf is dense in B\, 
there exists m such that F™(JJ) intersects the local stable manifold of pf - 

Let I C Af be a smooth arc contained in F™(J7) that intersects transversally 
the local stable manifold of pf - Shrinking £ if necessary, we assume that for every 
sufficiently small e > we have £ C F £ m (C7). From the Inclination Lemma and from 
Lemma 15.21 it follows that there exists a sub-arc £' of £ and a positive integer iV", 
such that for every j = 0, . . . , N the arc Fq {£') is a quasi-angular arc contained 
in H\ and such that Fq (£') intersects transversally, and in a non empty way, the 
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radial arc defined by q e . So, for some e £ (—eo,eo), we have q e £ (£'). As for 
every j = 0, . . . , N the arc Fq (£') is contained in Hx, where Fq coincides with F £ , 
we have Fl(t') = F$(t). Thus q e £ F*(£') C Ff+ m (U). □ 



7. Robust tangencies and wild hyperbolic sets 

In this section we prove Theorem 12.61 Part 1 of this theorem is a direct conse- 
quence of Lemma 17.11 in Subsection 17.11 The proof of part 2 is based on a strong 
property: every "curved" arc near Ap is tangent to the unstable manifold of some 
infinite backward orbit in IV ( Proposition 17. 3(1 . We complete the proof of part 2 of 
Theorem l2.6l in Subsection l7.4l bv showing that there is an arc of the stable manifold 
of the saddle fixed point pp of F that is "curved" . 

Throughout this section we assume that A £ (0, 1) is close enough to 1, so that 
all the properties of Section are satisfied. 

7.1. Wild hyperbolic set. Fix F in close to F\. Then the set 
W F = {z£H x \ F m {z) £ H\ for every m > 1}, 

is an uniformly hyperbolic forward invariant set for F. 

The saddle fixed point p\ of F\ is contained in Wp x and the part of the real axis 
contained in H\ belongs to Wp x . More generally, if F is sufficiently close to F\, 
then the saddle fixed point pp of F is contained in Wp and the stable manifold 
W s (pp) contains an arc close to the real axis connecting pp to the boundary of H\. 
This arc is contained in Wp. Hence, every quasi-angular arc contained in H\ that 
turns once around the origin intersects Wp. 

To every infinite backward orbit z = {z m } m >o £ Tp we associate a global 
unstable manifold W u (z_) — U m >oF m (W^(z_ m )), where z m is the infinite backward 
orbit {z m +j} 3 >o. Below, in Lemma l7.ll we will prove that there is M > 1 such that 
for every z £ Tp starting at a point in Ap and every m = 1, . . . , M; we have that 
F m (W^(z)) C H\ and that F M (W™ (z_j) is a quasi-angular arc which turns once 
around the origin. It follows that the local unstable manifold W^(z) is contained 
in the global unstable manifold of an infinite backward orbit contained in Wf. So 
this proves part 1 of Theorem 12. 61 

Recall that for F £ J£"a close to Fx, the distance from the fundamental domain 
Ap to the origin has the order of (1 — A) -1 , and the distance from the boundary 
of the fundamental domain Hx to the origin has the order of (1 — A)~5. So, the 
distance from the fundamental domain Ap of F to the boundary of the hyperbolic 
set Hx tends to infinity as A tends to 1. 

Lemma 7.1. For every A sufficiently close to 1 there exists an integer M > such 
that for every F £ ,^x sufficiently close to Fx, and every infinite backward orbit 
Z = {zk}k>o inTp starting at zq £ Ap, the following properties hold. 

1. For every j = 0, . . . , M the set F J (W"(z)) is contained in the domain of 
hyperbolicity Hx- 

2. F M (W^(z)) is a quasi-angular arc that turns at least once around the ori- 
gin. 

Proof. Let L > be a constant such that every quasi-angular of length at least 
L(l — A) -1 that is contained in Bx, turns at least once around the origin. On the 
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other hand, choose r\ € (1, (5/2)4) and let Ai G (0, 1) be sufficiently close to 1 so 
that for every A £ (Ai, 1) we have rf < A(5/2)2 . 

Notice that for every w £ C such that \w\ > R > 1 we have |F^(w)| > Ai? — 1. 
Inductively, we have that > \ m R — to whenever A" l_1 i? — (to — 1) > 

1. Take R = ^r(l — A) -1 < dist({0}, Ap x ) and consider an infinite backward 
orbit z in Tp x starting from a point zq in A\. Since for w £ W™(z) we have 
that \w\ > R, then F™(W^(z)) C H\ whenever A is sufficiently close to 1 and 
A^-Ur^-A)" 1 - (m-1) > 5(1- A)~i Let C > be such that for every m > 
we have Cn m (l — A)~2 > m — 1 + 5(1 — X)~i. Then, whenever 

ln((2CA)- 1 r)-iln(l-A) 



m < 



lnfo/A) 



we have F™(M^(z)) c i? A - 

On other hand, while the iterates of W™(z) remain in H\ their length is increased 
by a factor A(5/2)i > ?? 3 > 1 (part 1 of LemmaES). So, the length of F™(W%(z)) 
is greater than 2rf m a. Moreover, we have 2r) 3m a > L(l — A) -1 if and only if 

\n(L/(2a)) - ln(l - A) 

w> " -. 

o mry 

Let A £ (Ai, 1) be sufficiently close to 1 so that, 

ln(L/(2a))-ln(l-A) ln((2CA)- 1 r) - | ln(l - A) 
3lnj] ln(?7/A) 

and so that there is an integer M satisfying 

ln(L/(2a)) - ln(l - A) < M < ln((2CA)~ 1 r) — | ln(l - A) 
31n7y In (77/ A) 

Then the desired properties hold for F — F\ and for maps F £ j£" A close enough 
to F x . □ 



7.2. A repelling annulus. 

Lemma 7.2. There is a closed annulus C Ax that is contained in the interior 
of its image under Fx ■ Moreover, A° x contains at least one iterated preimage of the 
fixed source p\~ in its interior. 

Proof. Recall that the outer boundary 7^ of Ax is a Jordan curve formed by 
a piece of the unstable manifold of the saddle fixed point px that intersects itself 
transversely at some point. Let 7^" be a Jordan curve in the interior of Ax formed 
by a C 1 arc close to 7^ , that intersects itself transversely at some point, and such 
that its image F(jt) is closer to the unstable manifold of px, than 7^. Then the 
closed annulus A^ obtained from A x by replacing its outer boundary 7^ by 7^, is 
contained in Ax and in the interior F(A^). We can choose 7^ close enough to jp 
in such a way that A^ contains an iterated preimage of pt in its interior. □ 
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7.3. Curved arcs and tangencies. Let A° x be the annulus given by Lemma l?"2*l 
Denote by C\ the collection arcs 7 : [0, 1] -> C of class C 1 , such that the following 
properties hold. 

1. The image of 7 intersects A° x and length^) < d x = dist(A°, dF x (A° x ))/2. 

2. For all t £ [0, 1] the vector 7'(t) is non zero and it belongs to /C(7(t)). 

3. There is p £ R (resp. p' £ R) such that vector 7'(0) (resp. 7'(1)) is of the 
form 

7 '(0) = 7 (0)p(< + 1/3) (resp. 7 '(1) = 7 (l)p'(i - 1/3)) . 

Note that property 1 implies that 7 is contained in and that property 3 

implies that 7 '(0) and 7 '(1) are in the boundary of JC (7(0)) and £(7(1)), respec- 
tively. 

The following proposition is the key step to produce robust tangencies. 

Proposition 7.3. If X is close to 1 and F in &\ is close to F\, then every arc in 
C\ is tangent to the local unstable manifold of an infinite backward inTp. 

Proof. Consider F £ close to F\ in such a way that dist(A^, dF(A° x )) > d\. 
Property 1 of the definition of C\ implies that the image of every arc in C\ is 
contained in F(A X ). 

1. We will show that for any arc 7 in C\ there is a lift 7 by F, such that a 
sub-arc of 7, re-parameterized to be defined in [0,1], belongs to C\. In fact, as 
A x C F(A X ), there is a lift 7 of 7 by F, such that for some t £ [0,1] we have 
7(t) £ A° x . Moreover, for each t £ [0,1] the vector ~y'(t) belongs to /C(7(t)), so 
length^) < 2/3 ■ length^) < d\. 

On the other hand, since the set F~ 1 (F(A° X )) is contained in H\, it follows 
that for every z$ in this set we have D Zo F(K.(zq)) C K.{F(zq)). Hence, there are 
t, t' £ [0, 1] and p, p' £ R, such that 7'(r) and 7'(r') are of the form j(r)p(i + 1/3) 
and 7(r')p'(i — 1/3), respectively. By taking r' closer to r if necessary, we assume 
that for all t between r and t', we have 7'(t) € /C(7(i)). So the arc t 1— * 7( ^,1^ ), 
defined on [0, 1], belongs to Ca- 

2. Let 70 be an arc in C\. For m > 1 define inductively an arc 7 m G Ca in such a way 
that 7 m is constructed from 7 m _i, as described in part 1. It follows that there is a 
sequence {t m } m >i C [0, 1] such that for m > 1 we have F(j m (t m )) = 7 m -i(t m _i), 
so that w = {j m (t m )} m <Q is an infinite backward orbit of points in F\(A° X ) C i?A- 
We have then w £ Tf- Moreover, the vector 7^ (t m ) is non-zero and belongs 
£(7m(*m)) and for m > 1, the vector DF{^' rn (t m )) is parallel to 7„_ 1 (£ m -i). It 
follows that 7q(^o) is parallel to the unstable direction associated to the backward 
orbit w and that the arc 7 is tangent to the corresponding local unstable manifold 
at t = to. □ 



7.4. The stable manifold of pp contains a curved arc. Note that every arc of 
length at most d\ which intersects A° x and that turns around some point at least 2 
times contains an arc in C\. 

1. Define Rq = {t £ C | t £ R, t < 0} and for to > 1 define inductively R m as 
the preimage of R m -i contained in H, by the limit map Gj. The corresponding 
backward orbit of converges to the fixed point p + by Lemma 15771 
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2. As the derivative of p + has complex multipliers, it follows that there is a positive 
integer N and a piece 7 of Rn contained in D, such that 7 and all its successive 
preimages under G+|h 'turn around p + at least 5 times'. 

3. As F\ converges in the G 2 topology to G-j on D, when A — > 1, it follows that if A 
is sufficiently close to 1, then there is a curve 7a contained in D such that F^(j\) 
is a piece of i?o, and such that 7a and all its successive preimages under -FaIh 'turn 
around p^ at least 4 times'. 

4. Let zo € A° be an iterated preimage of p^ by F\. Then there is a preimage 7a 
of 7a by some iterate of F\ such that 7a is contained in a d\/2 neighborhood of zo, 
it has length at most d\/2, and it 'turns around z$ at least 3 times'. 

5. So for F 6 J^a sufficiently close to Fa there is a piece of the stable manifold tf 
that is contained in a d\ neighborhood of zq, it has length at most d\ and it 'turns 
around zq at least 2 times'. It follows that a piece of 7V is contained in C\ and it 
is therefore tangent to an unstable manifold of an infinite backward orbit in IV. 

8. The vector fields Aa iM 

This section contains the proof of Theorem l2 . 71 which consists of the construction 
of a family of vector fields {X\ >fl }. In Subsection 18 . II we state a refined version of 
Theorem 12. 71 make some remarks and introduce some notation. In Subsection 18.21 
we describe the strategy of the construction of X\ tfl and give the initial steps. 
The heart of the construction is contained in subsections 18.31 and 18.41 We end the 
construction in Subsection 18.51 

8.1. Remarks and notation. Recall that for an integer k > we denote by D k 
the closed unit ball of R fe . Also D is the closed unit disc in C and T" = M/ZxD n_1 . 

Fix an integer n > 5, A S (0, 1) and rj > a > 0. Given fi S (0, a], let F\^ : C* — > 
C be defined by 

F x Jz) = (l-\ + \\z\^)(z/\z\f + l. 

Note that F\ jfl depends smoothly on A and fj, and that F\ a = F\. For A close to 1 
and /i G (0, a] close to a, the map is area expanding. 

Observe that F\ ^ can be written as the composition Fa, m = Gf o of the 
maps 

T A)/i : C* -> C* 

* ' ^ (1- A + A|z|^ CT )(z/|z|), 
G t : C* -» C 

z 1 ^ (z 2 /|z|) + l. 

Recall that B A = {z 6 C | |z| < 2(1 - A)" 1 }, B\ = B X \ {0} and put 

B x = {z e C I (1 - A)/2 < \z\ < 2(1 - A)" 1 - 1 - A/2} c B\. 

Then for all ^ G (0, cr] we have T X ,^(B* X ) C S A) G t (B A ) C B x and F\(B^) C B A . 

Similarly, for /3 > sufficiently small, the map 

F A , M : Bjxlx D"" 5 -> Bjxlx D"~ 5 

(z, W , W ) ^ (' J F A ^( 2 ) j ^ +/ 3| z |V-M u;j/ 3| z |^ u 
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is well defined and injective. This map may be written as the composition Fx,/j. 
G] o T\ jfi of the maps 

Tx.p, : B* x x B x D n ~ 5 -> B x>ti x D x Z)"" 5 

(*,«;,«) ^ (r A:M (z),/? |z|"/^,/3o|zr'/ CT «), 

where (3q £ (0, 1) is sufficiently small, and 

G t : B A xix D™- 5 -> B A xix D"" 5 

( z \A 

(z,w,v) i ^ I G t (z), — 

where /3i € (0, 1/2) is such that f3 Pi = (3. 

From the considerations above, Theorem 12.71 is a direct consequence of the fol- 
lowing theorem. 

Theorem 8.1. Fix an integer n > 5 and n > a > 0. Then for each f3 £ (0, 1) 
sufficiently small and for each X £ (0, 1) sufficiently close to 1, there exists /i £ 
(0, a) and a smooth one parameter family of smooth vector fields {Xx^ | /i £ (^ > c]} 
defined on an open set U of T™ such that for all /i £ (/io , a] the following hold: 

1. The boundary of the open set U C T" is a manifold of dimension n — 1 
that is contained in the interior o/T™. For every fj, £ [fj,Q,a] the vector 
field X x .p, extends to a smooth vector field defined on a neighborhood of the 
closure of U, in such a way that on the boundary of U this vector field 
points inward. Moreover this extension has a unique singularity o = ox,^. 
The singularity o is contained in U and is hyperbolic with eigenvalues —\x, 
a and —n of multiplicities 1, 2 and n — 3, respectively. 

2. There exist codimension 1 submanifolds 

£ u pa E>x x ID) x D n ~ 5 and S s *B A xBx D n ~ 5 , 

which are transversal to the flow of Xx,^ and so that every forward orbit of 
the flow of Xx jfl in U intersects T, u or is contained in a local stable manifold 
W? oc (p) of o. The intersection of this local stable manifold Wf oc (o) with E u 
is {0} x D x D n ~ 5 . 

3. The Poincare maps from S" to E s and from S s to S" induced by Xx,^ are 
given by T\. M andG^, respectively. 

8.2. Strategy of the construction. In the rest of this section, we identify W l 
with IxCxCx R ra_5 where we use coordinates (s, z, w, v). Also, we view the 
solid torus T™ = R/Z x D' 1 ^ 1 as a subset of R/Z x C x C x R"~ 5 . 

We will define a vector field -^a,^ on a closed subset V of [—2, 3] x 2Bx x 2Bx D n ~ 5 
so that Xx,^ is constant equal to (1,0) for s close to —2 and 3. Hence, if we let 
a = (1 — A)/16, then the image of X Xtfl under the map 

Q : [-2, 3] x 2B X x 2© x D n ~ 5 -> M/Z x D^ 1 

(s,z,w,v) i— ► ((s + 2)/5 mod l,az,aw,t)/4) 

will be a smooth vector field DQ(Xx^) defined on the subset V = Q(V) of 
R/Z x 4lD x |0 x jD n ~ 5 . Our desired vector field -X"a, m will be obtained extending 
DQ{Xx,n) to a small neighborhood U of V. 
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The construction of X\^ will be such that the codimcnsion 1 submanifolds E" = 
{-2} x B\ x D x D n - 5 , S s = {2} x B\ xlx D n - r ° and E" = {3} x B\ xlx D n - 5 
are transversal to X\^ (See Figure |2J). The Poincare map from E" into E s will be 
given by the map (—2, z, w, v) t— > (2, T\^{z, w, v)). This Poincare map corresponds 
to a transition through a singularity with eigenvalues — fj, in the s-direction, a in 
z-directions, and —n in the w and u directions. The Poincare map from E s into 
X" will be given by (2, z, u>, i>) i— > (3, Gf(z, w, v)) and corresponds to an isotopy 
between the identity and Gf. 

The heart of the proof of Theorem 18.11 is to construct the vector field X\ tfl . 
In Subsection 18.31 we construct the part corresponding to the passage through a 
singularity and in Subsection l8.4l we construct the part corresponding to the isotopy. 
Then, in Subsection 18 . 51 we finish the construction of X\^. 

8.3. Through the singularity. Recall that we identify R™ with IxCxCx R"~ 5 
and use coordinates (s, z,w,v). In R" we consider the linear diagonal vector field 
I/ M which has eigenvalue — fi in the s-direction, a in the two z-directions, and — r\ 
in all the w and v directions. Although one should think of as a vector field 
defined on a copy of R™ distinct from the one where we construct X\ ^, at one step 
of the construction will be convenient to think of as defined in a neighborhood 
of s = — 1 in the copy of R n which corresponds to the vector field X\ :f2 . 

Definition of X\ ^ for s 6 [—2,-1]. Let X\^ be constant equal to (1,0) on a 
neighborhood of s = —1 and let X\^ coincide with on a neighborhood of 
s = -1. Then, letting b = 4(1 — A) -1 , extend X\^ to s e (-2,-1) so that the 
Poincare map from s = — 2 to s = — 1 is 

(— 2, z,w, v) h- > (— 1, z/b, w, v). 

Thus the Poincare map shrinks B\ to the closed disc of radius 1/2 in the 
z-coordinate. 

Let V[_ 2j _i] be the set of points (s,z,w,v) with s € [—2,-1] which belong to 
an orbit of the flow of X x ^ that starts at E?i = {-2} x B\ x D x D n ~ 5 . 

Definition of X\^ for s G [—1, 1]. Now observe that, under the linear flow L M we 
have the following transition map through the singularity: 

{-1} x |B* x D x D n ~ 5 -> [-2-^,0) x {\z\ = 1} x D x D n ~ 5 
(-l,z,w,v) i ^ (-\z\ fi / a ,z/\z\,\z\ r >/ a w,\z\ r '/ a v). 

For e > small, let W be the closed region in R™ bounded by s = —1, s = e, 
\z\ = 1 and the orbits of {—1, e} x d (^B) x D x D n ~ 5 under the linear flow L M (see 
Figure |2J). 

Choose /3o > small and consider a smooth family of maps 
Vv . : W -> [-1, 1] x 2B\ x 2B x D n - 5 
such that the following hold: 

(a) extends to a smooth family of diffeomorphisms between a neighborhood 
of W and a neighborhood ^(W). 

(b) For all (s, z,w,v) in a neighborhood of {— 1} xilxDx D n ~ 5 , 

ipfj,(s,z, w,v) = (s,z,w,v). 
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Figure 2. Illustrates the construction of X\, M 

(c) For all (s, z, w, v) G [-2"^, 2~' i / a e] x {\z\ = 1} x D x D n " 5 , 
Vv(«, «, w, v) = (1, (1 - A + Afe^(-s))z, fti"^, /3o^ /CT w) 

For example we may consider a non-increasing C°° function ha : [0, 1] — > [0, 1] 
such that ho(r) = for r G [0, 1/2], /io is strictly increasing on [1/2, 1] and ho(l) = 1. 
Then we may take W( s ' z j w j w ) — ( s ': z ': v> ) where, 

*' = h Q (\z\)(l - s) + s 

z' = (h (\z\)(-X + Xb^(-s)) + l)z 

w' = (h Q {\z\){f3 V"° - 1) + l) w 

v' = (hoQzDiPob^ - 1) + l) v. 

A standard exercise shows that such tp^ is a diffeomorphism onto its image. 

Now define X\ ttl on V[_i ;1 ] = ^(W) as Dip^L^). Note that the Poincare map 
between E" and s = 1 is given by 

(-2, z, w, v) i > (1, T AiAJ (z, to, u)). 

Denote by o the unique singularity VvW °f -^a,^ in V^^ij. 

Definition of for s G [1,2]. We let X\^ be constant equal to (1,0) on a 

neighborhood of s = 2 and extend X\^ to s G (1, 2) so that the Poincare map from 
s = 1 to s = 2 is the identity in the (z,w,v) coordinates. 

Let V[ lj2 ] be the set of points (s, z, w, v) with s G [1, 2] which belong to an orbit 
starting at ^> M (W) n {s = 1}. 

8.4. The isotopy. Our aim now is to define X\ ifl for s G [2, 3] so that X\^ is the 
horizontal vector field (1, 0) in a neighborhood of s — 2 and s — 3 and so that the 
Poincare map from s = 2 to s = 3 is given by (2,z,w,v) i— > (3, Gj (z, w, f)). The 
idea is to construct an isotopy between the identity and Gj. 
We need the following Lemmas. 

Lemma 8.2. Consider the map 7 : [0, 1] x R/Z -> C 2 denned 6y 

7 S (6») = ((1 - s)exp(27rj6») +scxp(47ri6»),sexp(27r«6')). 

T/ien the following properties hold. 
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1. For every s G [0, 1] the map j s is injective, and for every 9 we have "f' s (9) ^ 
0. In particular 7 defines an isotopy between 70 and 71. 

2. There is a smooth map u : [0,1] x M/Z — ► C 2 such that uq(9) = (0,1), 
U\{9) — (0, cxp(— 2ni9)) for every 9, and for every s and 9, the vectors 
u s {9) and^' s {9) are linearly independent over C 

Proof. The first assertion is easily proved. To prove the second let x : [0, 1] —> [0, 1] 
be a smooth function such that x = on [0,1/3] and x = 1 on [2/3,1]. For 
< e < 1/2 small define, 

( (~4 X (£- 1 s),l-x(s- 1 s)) if se [0,e] 

u s {9) = I (-4,0) if IS M 

{ (-4(l-x(l-£- 1 (l-s))),x(l-^ 1 (l-s))exp(-2^)) if 3 G [1 - 

The lemma is now proved by straightforward calculations. □ 



Lemma 8.3. For s G [0, 1] and f3 1 G (0, 1), let G s : B\ x D x D n ~ 5 -> 2B X x 2© x 
D n_5 &e the map defined by 

G s (z,w,v) = { ls {9)+£{-iti s {9)+wu s {9)),(3 1 v) 

where t = \z\ and 9 = ± arg(z) G M/Z. // ft G (0, 1) is sufficiently small, then for 
every s G [0, 1] t/ie map G s :Bjxlx Z)™~ 5 -> 2B A x 2D x LP" 5 is infective. 

Proof. Observe that ||<9 e G s - (^(0), 0)|| < £(M\\j' s '{9)\\ + \\u' s (9)\\) and d t G s = 
(—ei^y' s (d),0). Moreover, G s is holomorphic in w and d w G s — (£U S (6),0). So, if e is 
sufficiently small, the vectors dgG s and <9tG s are linearly independent over R, and 
the plane generated by real combinations of dgG s and d t G s is close to the complex 
plane {(A 7 ^(6»),0) | A G C}. 

By construction j' s (9) and u s (9) are linearly independent over C. It follows that, 
if £ is sufficiently small, G s is a local diffeomorphism, and that there is 5 > such 
that for every 9q the map G s restricted to {(t exp(27U#), w, v) \ \9 — 9 \ < 6} is 
injective. As 7 S is injective for all s G [0, 1], it follows that, if e is sufficiently small, 
G s is injective for all s. □ 

Clearly, Gq{z, w,v) — {{z/\z\) + 2n£z 7 ew, [3\v) is isotopic to the identity, and 

Gi(z,w,v) = — + 4tt£— — + 2tt£z + £w — ,[3\v 
\\z\ \z\ \z\ z 

is isotopic to G\. 

Let H : B\ xlx D n ~ 5 -» 2B\ x2Dx D"" 5 be an isotopy between the identity 
and Gf . Let hi : [2, 3] — > [0, 1] be a C°° function that is constant equal to (resp. 1) 
on a neighborhood of 2 (resp. 3). The vector field X\ t/X will be defined on the set 

V [2 , 3 ] - {(s,ff Ms) (x)) I s G [2,3] andxeBAxIxD"- 5 }, 

by 

X AlM (a, «,«;,«) = ( 1,^ (%(,) (fl^ («,«;,«))) 
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By construction induces the Poincare map (2,x) i— > (3,Gf(x)). Since the 
function h\ is constant on a neighborhood of s — 2 and of s = 3, it follows that 
Xx ^ is constant equal to (1, 0) on a neighborhood of s = 2 and of s = 3. 

8J3. End of the construction. We let the domain of definition of the vector field 
X\,fi be 

V = V^a,-!] U V hu] U V^.q U V [2l 3] 

and observe that the unique singularity o of X\^ is ^ 'V\—i,\y The stable 

manifold of this singularity W s (o) consists of ^(W n {z — 0}) C V[_ 1>1 i together 
with the points in Vr_2,-i] that are in the backward orbit of points in ^(Wfl{z = 
0}). In particular, W s (o) flE! = {-1} x {0} x B x D n - 5 . Moreover, for every 
neighborhood N of W s (o), there exists to > such that the orbit of every point 
(s,x) € V^TVhitsS^ before time t . Note that W s {o)^T,\ = and W s {o)C\Y, s = 
Now we pass to the solid torus T™ by the map Q : (s, z, w, v) i— > ((s+2)/5, az, aw, 
u/4), and obtain the vector field = DQ(X\ tfl ) defined on V = Q(V) whose 

flow is transversal to the cross sections E u = Q(Yi±) and E s = Q(S S ). Moreover, 
m has a unique singularity o = Q(o) in V with local stable manifold Wf oc (o) = 
Q(W S (S)). 

Take fi = a and observe that for every (q > we have X t ^ a iy) C interior(V). 
Therefore, we may extend the definition of X\^ a to a neighborhood V of V and 
find a neighborhood U of V that is bounded by a smooth manifold of dimension 
n — 1 contained in V, in such a way that X\^ a points inward on the boundary of 
U. Since U contains V for /x close to a we may extend the definition of X\ ^ from 
V to a neighborhood of the closure of U, so that we have a smooth family of vector 
fields defined in U for /i close to a. It follows that there exists so that for all 
/i G (M0)C] the vector field X\ ^ points inward on the boundary of U. The rest of 
the properties required in Theorem l8.1l for X\^ easily follow. 

9. First return map and leaf space transformation 

In this section we show that for vector fields X close to X\ ^, the first return 
map Fx to E" of the flow of X admits a strong stable foliation of codimension 2 
(Subsection 19.11) and we study the corresponding leaf space transformation (Sub- 
section • In particular, we show that when X is of class C 2 , the corresponding 
leaf space transformation belongs to fLemma 19.3(1 . 

9.1. First return map. Fix an integer n > 5. For a given A £ (0, 1) close to 1, 
let X x = X x , a be the vector field defined on T" and let E" w B x x D x D n ~ 5 be 
the transversal section to X\ , given by Theorem 18.11 

Note that the intersection between a local stable manifold of the singularity 
o = oa.ct and S u is equal to {0} x D x D n ~ 5 . For X close to X\ in the C 1 topology 
we denote by ox the singularity of X that is the continuation of the hyperbolic 
singularity o of X\. After a smooth coordinate change, we assume that for every 
vector field X close to X\ in the C 1 topology, the intersection of a local stable 
manifold of the singularity ox of X with S u is equal to {0} x ID x D n ~ 5 . Then we 
set £"* = X" \ ({0} xBx D n ~ 5 ) and observe that there is a well defined Poincare 
map F x : X u * -> S" of the flow of X. 
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The following lemma is a consequence of jHESj ■ Recall that H\ : E" w B\ x ID x 
D n ~ 5 — > B\ is the projection to the first coordinate. 

Lemma 9.1 (Strong stable foliation). Let A £ (0,1) be close to 1, let fi £ (0, a) 
be close to a and let X\ t ^ be the vector field given by Theorem \8.1\ Then there is 
a neighborhood O of X\^ in the C 1 topology, such that for every X in O we have 
the following properties. 

1. There is a strong stable foliation Tx of Fx in E u } having {0} x D x D n 
as a leaf. The leaves of T x cire submanifolds of codimension 2 in E u that 
are of class C 1 . Moreover the foliation Fx * s C° dose to the foliation 
formed by the fibers of the projection W\ . 

2. Every leaf of the strong stable foliation intersects B\ x {0} x {0} in at most 
one point. For every point x £ E" in a leaf intersecting this set, we denote 
by IIx(x) the point in B\ such that (ITx(x), 0, 0) is in the same leaf as x. 
Then the map Hx is continuous and C° close to the projection H\ . In the 
particular case when X is of class C 2 , the map Tlx is of class C 1 and it 
depends on a C 1 way on X . 

Proof. As /i £ (0, a), it follows that F\ ^ contracts the fibers of the projection IIa 
in a stronger way than any contraction of F\ tfJl . 

Moreover, the stronger contraction factor of F\ ^ in B^, 

mf{\\D(F x Mv)\\\zeB{,\v\ = l}, 

can be made arbitrarily close to A by choosing /i € (0, a) sufficiently close to a. On 
the other hand, the fiber contraction can be made arbitrarily strong by choosing 
j3 > small enough. Then the results follow from HPS using a graph transform- 
ing method. For a direct exposition of these methods which applies to our case 
see |BLMP| . □ 



9.2. Leaf space transformation. Let A £ (0,1), /i £ (0, a) and O be as in 
Lemma 19.11 As the closure of F\^(Y, U *) is in the interior of E", reducing O if 
necessary we assume that every leaf through a point in Fx(E u *) intersects B\ x 
{0} x {0} in a unique point. Then the leaf space transformation Fx '■ B^ — > B\ is 
defined by 

F x (z) =n x (F x (z,0,O)). 
The map Fx is continuous, but in general not differentiable. 

Lemma 9.2. Reducing O if necessary we have that for every leO the map Fx 
is a local homeomorphism. 

Proof. Note that two points z, z' € C* have the same image under F\ „ if and only 
iiz + z' = 0. On the other hand, the images under F\^ of the leaves {z} xDx D n ~ 5 
and {— z} x ED x D n ~ 5 of .Fjj? lie in the same leaf of Tx and their distance is at 
least 2(1 - 13). 

By continuity, for every vector field X that is sufficiently close to X\^ in the C 1 
topology, the distance between 2 points in the same leaf of Fx whose preimages 
by Fx are in distinct leaves, is at least 1 — j3. This implies that arbitrarily close 
leaves of can not have images contained in the same leaf. It follows that Fx is 
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locally injective and therefore a local homeomorphism. □ 

For C 2 vector fields we can say even more. 

Lemma 9.3. Denote by O' the subset of O of vector fields of class C 2 . Then, 
reducing O if necessary, the following properties hold. 

1. For each vector field X in O' , there are £ 5j and g x € such that 
Fx = 9x ° T x ■ I n particular Fx £ &\ ■ 

2. The maps X i— > tx , X i— > gx and X i— » Fx from O' to C S\ and 
respectively, are all continuous. Note that here O' C O is provided with the 
C 1 topology. 

3. For each X S O' there is a neighborhood % of gx in such that for 
every g £ there is Y G O satisfying Fy — g o tx ■ 

4. For each X G O' the map Fx is area expanding. 

Proof. 

1. For X e O' the first return map Fx is of class C 2 and I±x is of class C 1 . So 
Fx is of class C x . 

For each vector field X that is close to X\ in the C 1 topology, let Tx (resp. Gx) 
be the Poincare map from E u to S s (resp. from S s to S"). Clearly Fx = Gx °Tx- 
The pull-back of the strong stable foliation J 7 ™ from S M to S s by Gx defines a 
foliation J 7 ^ in S s « 5a x D x D n ~ 5 . The map T x carries leaves of J 7 ^ mto leaves 
of T'x ■ When X = X\ , the foliation j 7 ^? is the one formed by the fibers of the 
projection n>, : B\ x D x D n ~ 5 — » B\ to the first coordinate. Thus the foliation 
Tx is close to J 7 ™ ■ Let H x be the projection along leaves of J 7 ™, in such a way 
that x and (IIx(x), 0, 0) are in the same leaf of J 7 ™- The map II x is defined on a 
large subset of B\ x D x D n ~ 5 and takes images in B\. Note that IIx A = IIa and 
that when X of class C 2 varies continuously in the C 1 topology, II x varies in a C 1 
way. 

Let l : B\ — > B\ x D x D™" 5 (resp. T : B\ —* B\ x D x D™" 5 ) be defined by 
z i ^ (z, 0, 0) and put 

Tx = 5* o fx o t : B£ -» jj A , 
Gx=n x oG x o7:B A ^B A . 

Note that F x =Gx°T x , T~x x = T\, a , G Xx = G h T Xx = T x .* and G Xx = Gf 
So if we denote by i/j : C* — > M/Z x K the map ^>(z) = (j- argz, |z|), with inverse 
ip^ 1 (6,t) = tcxp(2iri8), then t\ = ip o Tx x and g-|. = Gx A ° 

For a vector field X of class C 2 that is close to X\ in the C 1 topology, the image 
of B^ by Tx is an annulus that is bounded by the Jordan curve Tx({z £ C | \z\ = 
2(1 — A) -1 }) and the Jordan curve equal to the image by II x of the intersection of 
the local unstable manifold of o x with S s . These Jordan curves are of class C 1 and 
they vary continuously in the C 1 topology, when X, of class C 2 , varies continuously 
in the C 1 topology. So for such X we can find a homeomorphism, 

Vx : T X (B* X ) -> R/Z x [1 - A, 2(1 - A) - 1 - A], 

that extends to a diffcomorphism onto its image, defined on a neighborhood of 
Tx(B^), in such a way that ipx x coincides with ip and that xpx varies continuously 
in the (strong) C 1 topology when X, of class C 2 , varies continuously in the C 1 
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topology. Then we have tx = ipx ° T x € ^x, gx = Gx ° il> x € and Fx = 
Gx °Tx = gx o T X e &\. 

2. Clearly when X of class G 2 varies continuously in the G 1 topology Gx, ipx 
and gx = Gx ° V'x 1 vary continuously in the (strong) G 1 topology. It remains to 
show that Tx varies continuously in the (weak) G 1 topology. For that, just observe 
that for each neighborhood U of {0} x D x T>"~ 5 in (the intersection of the 
stable manifold of o\.^ with £") the map X i— > Tx l(s u \c/) * s continuous in the C 1 
topology. 

3. Keep the notation of part 1. Note first that for every map G of class G 1 that 
is close to Gx there is a vector field Y E O that coincides with X between E u and 
S s (so that Ty = Tx) and such that Gy — G. On the other hand, note that for 
every g close to gx we can find G close to Gx mapping leaves of TV into leaves of 
T x and such that IIx ° G oT coincides with g o ip x on tx(B^). 

For a given g E^\ near gx let G and Y be as above, so that Ty = Tx, Gy = G 
and Gy maps leaves of Tx into leaves of T x - It follows that the strong stable 
foliation Ty of Fy is equal to Tj^ and that Hy = Hx ■ So Gy = Hx ° G ot 
coincides with g o ^ x on tx(B^) and we have, 

Fy = G Y oT Y = go (ip x o Tx) = .9 o Tx- 

4. To prove that Fx is area expanding, we first notice that the map F\ „ is area 
expanding. For each vector field X £ O' the map Fx is G^close to F\ M outside a 
small neighborhood of the origin. So Tx is area expanding on this set. That Fx 
is area expanding close to is clear from the eigenvalues of the linear part of X 
at the singularity ox, as these are close to those of the linear part of X\ tll at ox.^. □ 

10. Robust transitivity 

This section is dedicated to the proof of Theorem 12.81 

10.1. Proof of part 1 of Theorem l2.8l Let X\ ^, U, o, . . . be as in the statement 
of Theorem l2.7l For a vector field X close to Xx^, let Ax be the maximal invariant 
set in U of the flow of X and let Ox be the singularity of X that is the continuation 
of the hyperbolic singularity o of X\ :fl . Clearly we have ox £ Ax- By construction 
of X\ >fl , it follows that for every vector field X that is sufficiently close to X\ ^, the 
point ox is the unique singularity of X in U. So, to prove part 1 of Theorem 12. 81 it 
remains to show that for A G (0, 1) sufficiently close to 1 and \i £ (0, a) sufficiently 
close to a, there is a neighborhood O of X\ ^ in the G 1 topology such that for every 
X e O the restriction of the flow of X to Ax is topologically mixing. 

Recall that F x : £"* -> S n is the first return map to S" of the flow of X. 
Although Tx is not defined on {0} x D x T™~ 5 we let it act on subsets of S M by 
F X (U) := F X {U\ {0} x 35 x T>"~ 5 ). We denote by 

^x = n m >iTx (S u ), 

the maximal invariant set of Fx in The maximal invariant set Ax of the flow 
of X is just the closure of the suspension of Six by the flow of X. So to prove part 1 
of Theorem l2.8l is enough to prove that the restriction of Fx to fix is topologically 
mixing. 
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In view of Lemma 19.31 part 1 of Theorem 12.81 is a direct consequence of the 
following proposition and of Theorem l2.4l Note that for every IgO the maximal 
invariant set fix — flF x °f Fx m B\ is equal to Tlx (&x)- 

Proposition 10.1. Let A G (0,1), fi £ (0, a) and O be as in Lemma \9. 31 T/ien 
for every vector field X £ O such that the restiction of Fx to fix *s topologically 
mixing, the map Fx restricted to fix is topologically mixing. 

For the proof of Proposition 110. II we need the following lemma. 

Lemma 10.2. Given an open set U in S u intersecting fix, there exists an open 
set Uq in B\ intersecting fix and an integer j > 0, such that F x (Yl x 1 (Uo)) C U. 

Proof. Let U be an open set as in the hypothesis and take x € U PI fix- Then for 
every integer j > there exists a point Xj £ fix such that F x (xj) = x. As Fx 
contracts the leaves of the foliation !F X uniformly, for j sufficiently large the leaf 
of T x through the point Xj is mapped well inside U by F x . The same happens for 
a neighborhood of leaves of T x ■ O 

Proof of ProDosition llO.Tl Let U, V be two open subsets of S" that intersect fix ■ 
Take an open set Uq in B\ and a positive integer j such that F x (YI x 1 (Uq)) C U, 
given by the previous lemma. Since the restriction of Fx to fix is topologically 
mixing and Uq intersects fix, there exists a positive integer fco such that for ev- 
ery k > ko we have F x (TLx{V)) fl Uq ^ 0. Hence for every k > fco we have 
F X (V) n n^. 1 (Z7 ) ^ 0. But this implies that for every I > j + k we have 
Fx(V) n C/ 7^ 0. So, the restriction of F x to fi^ is topologically mixing. □ 

10.2. Proof of part 2 of Theorem l2lfl Let A £ (0, 1), fi £ (0, cr) and O be as 

in Lemma 19.31 Let p\ be the unique fixed point of F\ jCr in n^" 1 ^^)- Reducing O 
if necessary, we assume that for each X £ O there is a fixed point px of -Fx that 
is the continuation of p\ and such that Tlx(px) £ H\. Thus, for every X £ O of 
class C 2 we have IIx {px ) = Pf x ■ 
For X £ O let 

M? x = {x £ fix | F^{x) £ TL~£{H X ) for all m > 0}, 

be the maximal invariant set of Fx in H X 1 (H\). Clearly Wx is a compact set 
invariant by Fx- 

1. Identify the tangent space at each point of S" rj Ba xDx D™" 5 with Cx CxR™" 5 
and denote by || • || the Euclidean norm in M" -5 . Put e = |(1 — A) 1 / 2 , as in 
Subsection l3.ll and let C and JC be the cone fields defined on x D x Z)™~ 5 by 

C(z , v q , w ) = {(z p(l + is), w, v) | p > 0, |e| < e 

and p> (1- A)max{|w|,||v||}}, 

£(z ,Vo,w ) = {(z p(i + e),w,v) | p > 0, |e| < 1/3 

and p > (1 - A)max{|w|, ||v||}}. 

With a straightforward computation is easy to check that, if f3 > in the definition 
of Fx,n is sufficiently small, then for every A £ (0, 1) sufficiently close to 1 and 
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/i £ (0, a) sufficiently close to er, the cone field C (resp. JC) is an stable (resp. 
unstable) and invariant cone field for F\^ : I1^" 1 (7?a) — > ^X^fJI^ (H\)). Then, 
reducing O if necessary, for every X £ O the cone field C (resp. JC) is an stable 
(resp. unstable) and invariant cone field for Fx '■ TT X 1 (H\) — > -Fx(IT^ It 
follows that Wx is a uniformly hyperbolic set for Fx- 

2. For X £ O put, 

?x = {{xj}j>o I nx(xj) £ H x , Fxfa+i) = Xj}. 

Note that for every infinite backward orbit {xjjjx) of i*x in Fx, the sequence 
{IIx (xj)}j>o is an infinite backward orbit of Fx in Tx '■= Tp x - Conversely, for 
every infinite backward orbit {zj}j>Q of Fx, the sequence {xj}j>o defined by the 
property 

{x j0 } = n j > F x (n x 1 (zjo+j)), 

is an infinite backward orbit of Fx in Tx ■ From the theory of uniformly hyperbolic 
sets we know that for every infinite backward orbit z £ Tx there is a one dimensional 
local unstable manifold W™(z) of Fx through x . 

Reducing O if necessary, part 1 of Theorem 12.61 implies that, if X £ O is of 
class C 2 , then the local unstable manifold of each infinite backward orbit in Tx is 
contained in the unstable manifold of some point of Wx ■ 

3. Let A £ (0, 1) be sufficiently close to 1 and let ^ be a sufficiently small neigh- 
borhood of F\ in , so that for every F £ % there is an arc jf of the stable 
manifold of the fixed point pf of F that is tangent to the local unstable manifold 
of an infinite backward orbit z_ F of F in Tf (part 2 of Theorem 12.6(1 . 

Reducing O if necessary we assume that for every X £ O of class C 2 we have 
Fx £ °M fLemma I9.3|) . As all the elements of z_ Fx belong to Ap x , which is well 
inside H\, it follows that there is an infinite backward orbit z_ x of Fx in Tx that 
projects to z Fx by Tlx- Therefore the local unstable manifold W^(z_ x ) is tangent 
to the submanifold II^ 1 (jf x ) °f t ne stable manifold of px ■ 

3. Let A £ (0, 1) be sufficiently close to 1 and let ^ be a sufficiently small neigh- 
borhood of Fx in so that for every F £ % there is an arc ^f of the stable 
manifold of the fixed point pf of F that is tangent to the local unstable manifold 
of an infinite backward orbit z_ F of F in Tf (part 2 of Theorem 12.6(1 . 

Reducing O if necessary we assume that for every X £ O of class C 2 we have 
Fx £ tyf fLemma 19. 3|) . As all the elements of z F belong to Ap x , which is well 
inside H\, it follows that there is an infinite backward orbit % x of Fx in Tx that 
projects to z Fx by Tlx- Therefore the local unstable manifold W^(z_ x ) is tangent 
to the submanifold U x 1 ( :: fF x ) of the stable manifold of px- 

4. Let X be an arbitrary vector field in O and let {Xj}j>o be a sequence of vector 
fields of class C 2 in 0, that converge to X in the C 1 topology. Let x-' = % x . £ Tx$ 
be given by part 3, so that the local unstable manifold of x J is tangent to II^ 1 (jf x )■ 
Setting x J = {xi;}fc>o and taking a subsequence if necessary, we assume that for 
every k > the xi converge to some point x^ as j : —> oo. It follows that Tlx(x-k) £ 
H\ and that x = {xfe}fc>o is an infinite backward orbit of Fx in Tx- Moreover is 
easy to check that the local unstable manifolds W^{xP) converge to (x) in the 
C 1 topology and that the manifolds I1^ 1 (7f x .) converge in the C 1 topology to a 
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submanifold of the stable manifold of px, as j — > oo. So ^"(x) is tangent to the 
stable manifold of px- As px is contained in Wx and by part 2 the set VF"(x) is 
contained in the unstable foliation of Wx , it follows that Wx is a wild hyperbolic 
set for Fx- 

10.3. Proof of part 3 of Theorem l2.8l Let % be the neighborhood of F\ in &\ 
given by Proposition ^. 51 Let A S (0, 1) sufficiently close to 1, fx S (0, tr) sufficiently 
close to a and a sufficiently small neighborhood of X\ jtl such that for every 
leOof class C 2 we have F x S ^ (Lemma E3J. 

1. We will show that there is a dense subset T> of of vector fields X such that 
the set of periodic sources and the set of periodic saddles of Fx are both dense 
in Qx- To prove this assertion, let Y £ be a given vector field of class C 2 and let 
Ty G and gy € Sfx be given by Lemma |9.3I Part 4 of the same lemma implies 
that gy S and Proposition 12.51 implies that there is g close to gy in &\ such 
that the set of periodic sources and the set of periodic saddles of F = g o Ty are 
both dense in flp. By part 3 of Lemma [9.31 there is a vector field IgO near Y 
such that Fx = g o Ty . This shows the assertion. 

2. We will now prove that for X € T> the set of periodic points of Morse index 1 
(resp. 2) of Fx is dense in fix- 

Given a point x in ilx and an integer j > let x^ be the unique point in S" such 
that F x (xj) = x. Let {pj}j>o be a sequence of saddle (resp. repelling) periodic 
points of Fx close enough to ITx(xj), so that F x (pj) converges to ITx(x) as j — > oo. 
Since Fx contracts uniformly the fibers of the map Ilx , it follows that the sequence 
of periodic point of Morse index 1 (resp. 2) {F x (pj)}j>o of Fx converges to x. 

3. Let T be a trapping region for Fx x M containing Qp x . Reducing O if necessary 
we assume that for every X in O, the set T contains fix and is a trapping region 
for Fx- Let B be a countable base of the topology of T. 

For U E B and X £ O n V we have either n x n U = or ^x H & 7^ 0. In 
the former case there exists a C 1 open neighborhood 0^ of X such that for every 
Y E O x we have fly n C/ = 0. In the later case there exists a C 1 open neighborhood 
0^ of X such that for every Y S X the set t/ contains a periodic saddle (resp. 
source) of Fy. 

Then, T>q = iixeonvO x is an C 1 open and dense subset of and 7Z = n^ g gl?^ 
is a C 1 residual subset of such that for every Y £ 1Z, the set of periodic points 
of Morse index 1 (resp. 2) of Fy is dense in fix- □ 
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